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Abstract

In this paper, we prove existence, symmetry and uniqueness of standing waves
for a coupled Gross-Pitaevskii equations modeling component Bose-Einstein conden-
sates(BEC) with an internal atomic Josephson junction. We will then address the
orbital stability of these standing waves and characterize their orbit.

1 Introduction

The dynamics of a model of a two-component (BEC) irradiated by an external electromag-
netic field are given by the following two coupled nonlinear Schrodinger equations :
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V(z) = %|x!2 is the trapping potential, v > 0.

B2 = P21 is the inter-specific scattering length, while 511 and (55 are the intra ones. A is the
rabi frequency related to the external electric field. It is the effective frequency to realize
the internal atomic Josephson junction by a Raman transition, ¢ is the detuning constant
for the Raman transition. (1.1) arises in modelling BEC composed of atoms in two hyper-
fine states in the same harmonic map [1]. Recently, BEC with multiple species have been
realized in experiments, ([2] and references therein) and many interesting phenomena, which
do not appear in the single component BEC, have been observed in the multi-component
BEC. The simplest multi-component BEC can be viewed as a binary mixture, which can
be used as a model to produce atomic lazer. To our knowledge, the first experiment in this
framework has been done quite recently, this has opened the way to many other groups of
research who carried out the study of such problems for two-component BEC theoretically
and experimentally.

In this paper, we consider a binary BEC model in which there is an irradiation with an elec-
tromagnetic field, this causes a Josephson-type oscillation between the two species. These
condensates are extremely important in physics and nonlinear optics since it is possible to



measure the relative phase of one component with respect to the other one [Lemma 2.1, 2].
Controlling the relative phase, it is also possible to produce vortices, [7] account is given in
[1].

A standing wave for (1.1) is a function (¢1,1s) = (e"#1'®, e~ #2!®,) solving this NLS.
Thus it satisfies the following 2 x 2(C) elliptic system :
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Ground state solutions of (1.2) are the minimizes of the following constrained variational
problem : For two prescribed real numbers ¢; and ¢y

A A

Lo = inf B0, 1,) (1.3)
(‘Illy\IIQ)EScl,CQ

Serer = {(\I’l’q]?) € Se(RY) x Te(RY) : /“IJHZ = ¢} and /\\IIQIQ = cg}

STRY) = {u € H'(RY) - /RN 2l (z)da < oo}

[ul Sy = [uls + [Vl + [lzful;

S(C(]RN) = {z = (u,v) @ u+iv: (u,v) € Z<RN) % Z(RN)}
218 @y = 12115 + V215 + [l =113

A

E(U) = Eo(Ty,Ty) + 2/\/Re(\111\11_2)d:z:,

with f denoting the conjugate part of f and Re(f) its real one.

N N 1
Bulty = Ea(0,92) = [ S[IVWB+ 90l + 2P0 + 9P .
1 1 )
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As proved in iii) and iv) of Lemma 2.1 of [2], solving the constrained minimization problem
(1.3) is equivalent to study the auxiliary minimization problem :

A~

Ieyey=  inf  E(U,0,) (1.6)
(lI’lv\IJQ)ESCl,CQ
where B B
E(W) = E(Vy,V,) = Ey(V) — 2|)\|/ |W || Ws|dx (1.7)
RN

The main objective of the present work is to show the orbital stability of standing waves of
(1.1). To reach this goal, we will first solve (1.6) for real-valued functions :

I .. = inf E(uy,up) = inf E(u). 1.8
vee =, b (u1, uz) L (u) (1.8)
E(u) = E(uy,ug) = Eo(uy, up) — 2|)\|/|u1||u2|dx. (1.9)
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Seren = {<u1,u2) e SRY) x STRY): /

RN

W2(z) = 2 and / W2(z) = cg}.

RN

We will first prove existence, symmetry uniqueness of minimizers of (1.8). Then we will use

these qualitative properties to solve the constrained variational problem (1.6), which is in

itself a key step to show the orbital stability of standing waves and to characterize their

orbit.

It is extremely important to obtain stable solutions without using highly oscillating magnetic

fields (which are very costful). These states are the most relevant in physics since they are

the only ones that can be observed in the experiments.

As mentioned in [2], the 2-component (BEC) is also used as a model for producing coherent

atomic lasers. Stable standing waves indicate that the propagation is perfect in these beams.
Nevertheless, this relevant issue has not been addressed in [2]. Note also that a crucial

intermediate step to study the stability of ground state solutions is to establish the existence

of the minimizers of the associated constrained variational problem (1.6). In [2], the authors

only considered the very restrictive assumption on the constraint S, .,, i.e. [ui+ [u3 = 1.

(Remark 1) b). This implies that one has to impose that p; = us (1.6) for the standing
waves and that the solutions must have small masses. This is of course inappropriate in view
of the applications.

In this paper, we will concentrate our study on the critical case N = 2, which is, from
the mathematical point of view, the most challenging case.
Our paper is organized as follows. In section 2, we will give some important definitions and
preliminary results. Then we will derive some qualitative properties of the energy functional
and the minimization problem, this will be the key ingredient to study the orbital stability
of standing waves in the last section.

We will focus our study on the case N = 2 but we will give clear and complete indications
about N =1and N = 3.

2 Notation, Definitions and Preliminary Results

H*(RY) is the usual Hilbert space
SO(RY) = {u € H'(R) : / (2|ul2dz < oo}
RN

luls @y = Julz + [ Vuly + [zul;
|u|, is the standard norm of the LP(R") space
H'(RY,C) = {z = (u,v) € H'(RY) x H'(R™)}.

We shall identify z = (u,v) with u + iv € H*(RY,C).
For z € H'(RY,C), ||2[l31 @v ) = 213 + IV 2113
12113 = [ulz + Jvf; and [ V2[5 = [Vul; +[Vvl3.
Here and elsewhere | |, denotes the usual norm in L¢(R™) and || ||, is the standard norm in
LYRY,C).

Y (®Y) = {z e H'(RY,C) / 2|2 Pdz < oo} .
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SRY) x ST(RY) and > (RY) x Yo (RY) are equipped with the standard cartesian
norms.
For fixed real numbers ¢; and co, we define

A ~

ZC1,C2 = {(21’22) S 561702 : E('Zl’ ZQ) - j01,02} (2'1)

Weyeo = {(u1,u) € Se; ¢, w1 and ug > 0 and E(ul,u2) = fIVCLCQ}.

We say that Z, ., is stable if :
Zerer 70

and V w = (wi,w3) € Zeyey, ¥V € > 0, 36 > 0 such that for any ¢y = (U, ¥3) €
S e(RY) x S (RY) satisfying :

nf () = 2lsen <o

c1,¢9

(2.2)

for all t € R, where ¥(t,.) is the unique solution of (1.1) corresponding to the initial con-
dition Wy. (Note that in [1], the authors have solved the Cauchy problem (1.1) under the
assumptions of Lemma 2.3 below).
Lemma 2.1. [Lemma 4.4,8]

ST(RY) is compactly embedded in L4(RY) for any ¢ such that 2 < ¢ < %
Lemma 2.2 Let N = 2,

/Bij <0,1<17,7<2and
(A1) Bt + Pracica > —ap
Baaca + Pracica > —ap

¢p is defined as the best constant in the Gagliardo-Nirenberg inequality

1
/ i< LIVl (2.3)
R2 Cp
Then :

1. The minimization problem (1.8) is well-posed and any minimizing sequence of (1.8) is
bounded in Y (R?) x > (R?).

2. Any minimizing sequence of (1.8) is relatively compact in > (R?) x > (R?), i.e, V u,, =
(Un1, Un2) C Sep e, such that E(up1,un2) — I ¢, then there exists u = (uy,u2) €
ST(R?) x Y2(R?) such that u,, — w in >_(R?) x >"(R?) (up to a subsequence).

3. The functionals E and E are C' in Y (R2?) x 3(R?) (resp. Yoc(R?) x > (R?)

4. (c1,¢5) = I, ¢, is continuous .

Proof

1. Let (u1,u2) € S¢; co-
First using Gagliardo-Nirenberg inequality, we know that

1 1
/ ' < 2V Bl = [V 22 (2.4)
R2 Cp Cp
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and .
/ ol < ~|Vusfhual} = |Vu2|2c2
R2 &

On the other hand, by Hardy inequality, we have that :

1/2 1/2
Cc1C
Lotbtel < ([al) ([ opal) <92 vabve, @)
R2 R2 R2

It follows by Young inequality that :

1
[ el < ol + [Vasly 26)
R2 Cp
On the other hand, we can easily prove that
—2|>\|/ |U1||U2| Z —2|)\|0102 (27)
R2
Combining (2.4) to (2.7), we get :
~ ~ c €169
E(u) = E(uy,us) > |Vuyls { + 511 —512—
+[Vusl3 {1/2+ 2522 + 3512 ci?} 0] [3 (2.8)

—2’)\’0102 + %/ ‘l” (‘U1’2 + ‘UQP).
R2

(A;) enables us to conclude that the energy functional E is bounded from below in 3" (RY) x

2 (RY).

Remark 1
a) If there exists §;; > 0, then 1) still holds true by replacing §;; > 0 by 0 in the

assumption (Ay).

b) In [2], the boundedness from below of the energy functional E has been proved differ-
ently (page 56, line 9).
More precisely : Combining Cauchy and Gagliardo Nirenberg inequalities, the authors
have proved that

/ 511\161’4 +522’U2|4 + 2512|U1|2’U2|2daj >
R2

—cb/ (\/|u1]2+|u2]2)4dx2—/ (VT £ [wP)? / (VP + [wl)?
R2 R2

—/ (Vi |* + [Vus|?. (2.8")
R2
provided that
B > —Cp
B2z > —Cp
P2 = —ca—VButaBrta p. (A})
and
c? +c3 < 1.

It seems that if one uses their approach, it is necessary to impose the very restrictive
condition : ¢ + 3 < 1.
Nevertheless the two approaches are equivalent if one considers the same one-constrained

minimization problem (1.8) with ”their” constraint / ui +uj = 1.
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¢) The case N = 1 is immediate since the Gagliardo Nirenberg inequality is not critical
there.

However for N = 3, our approach only applies when all the constants 3;; are positive.
Additionally if ¢? + ¢3 < 1 then using the same approach developed in [2] ((2.8)’), we
can easily prove that 1) and 2) still hold true if we have the following assumption :

B11 >0
Baz >0 (A1) n=3
Bi1 B2 — 5%2 > 0.

Bi1 > 0, B12 > 0 and By > 0. (A})N=s

d) Let us finally emphasize that all the results of this section hold true provided that the
constrained minimization problem is well-posed.

Proof of 2)

By 1), we can conclude that any minimizing sequence u,, = (U, 1, Uy 2) of (1.8) is bounded
in Y (R?) x >-(R?). Therefore up to a subsequence (that we will also denote by (uy)), there
exists (ug,uz) € Y_(R?) x >_(R?) such that u,; — u; and u, 2 — uy in Y (R?).

By Lemma 2.1, w1 — u; and u, 2 — ug in LP(R?), V2 < p < cc. (2.9)
Now note that by the lower semi-continuity of the norm | |s~g~), we certainly have :

2
%‘VU”% +%|VU2’% + %/Rz’x|2(u1|2 + |u2|2)dI ( )
2.10
S lim inf (%Wum[% + %]Vun,glg + g/ ]$|2(|un71|2 + ‘Un72’2)dl’>
R2

On the other hand, by (2.9), we have that :

[ walt = [l
/RQ !un,2|4—>/|uQ!4 (2.11)

Thus using the dominated convergence theorem, we can deduce that.

[ onaPlanal? = [l (2.12)
R2 R2

Indeed since u,, — u in L*(R?) x L*(R?), there exist a subsequence (u,;1) C L*(R?) and a
function h € L*(R?) such that w,;; — u; almost every where with |u,; | < h.
Similarly, we can find (u,;2 and k C L*(R?) such that u, » — ug a.e with |u,;2| < k)

/ [t 1| [t 2| S/ h2k2de < (/ h4)1/2(/ EYY? < o,
R? R?

lim / U1 |2 tnja? < / R*k*dx < (/ h4)1/2(/ EHY? < 00
n— o0 R2 R2
In the same manner, we can prove that lim /\unylHunyg\ = /|u1Hu2| (2.13)
n—oo
Combining (2.10) to (2.13), we obtain :

Therefore

E(u) = E(uy, up) < Iminf E(un1, tng) = I, c. (2.14)
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2 _ 1 2 _ 2 2 _ 1 2 _ 2
/U1— lim Un1 =€ and /uQ— lim Uy o = Cy.
R

n—00 n—00 Jp2

Thus u = (uy, U) € Se, o, with E(u) = E(uy, us) = I, co-
Remark 2 :

e In part 2) of the Lemma, we have also proved that any minimizing sequence of (1.8)
is relatively compact in Y (RY) x > (RY)

e The proofs of 3) and 4) goes exactly in the same way as in [Proposition 3.2, 4].
Lemma 2.3 Under (A;), all the minimizers of (1.3) are non-negative radial and radially
decreasing. N N
Proof.  First note that E(|uy, |us]) < E(uy,us) for any (uy,up) € SJ(RM) x ST(RY).
Therefore, we can suppose without class of generality that u; and us are non-negative.

On the other hand, using rearrangement inequalities, [5], we know that for any f, g non-

negative € > (RY), we have :
[r=[ur

[r=[ur
[to< [ro
b [P < e [ 1P
[la2 < [ 1ok

V2 < |V fa.

and

Lemma 2.4. If

4 B ﬁ
8= ( 11 /12 ) is positive semi-definite
B2 B2z
Bri — B2z # 0 or
(A2)

. Biu—PBi2 #0or
and at least : 5 £ 0 or

\ A 70

Then (1.8) has a unique minimizer.
Proof [Lemma 2.2, 2]

3 Orbital stability of standing waves of (1.1) (when
A=0)

In this section we will restrict ours study to the case A = 0 since we only have conservation
of each mass in this case as noticed in (4.1) and (4.2) of [7]. We assume that (A;) and (Ay)
hold true.

Theorem 3.1

1. For any c1, 5 1eyco = Loy ooy Zey.ew # 0 and Z, ., is stable
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2. For any 2 = (21,2) € Ze, 2] = (|21, [22]) € Wey e, and
Leiey = {(eielwl,e%wg), (01,6-) € R2} ,
where (wy, ws) is the unique solution of (1.8).
Proof

1. As suggested in [3], to show the orbital stability of the standing waves of (1.1), it
suffices to prove that : Z., ., # () and any minimizing sequence

{ Zn = (Zn1, 2n2) € Yc(R?) x B¢ (R?) such that ||z, ]2 — ¢ and (3.1)

| 2nall2s = €2 and E(z,) = I, .,

is relatively compact in Y ~(R?) x >"~(R?).
Let 2z, = (20,1, Zn2) (With 2,1 = (U1, Un1), Zn2 = (Ung,’l)ng)) C ZC( ?) x > c(R?) be

a sequence such that ||z,1]l2 = ¢1 ||znall2 = ¢2 and E(zn1, 2n2) = Loy cy-

Our first goal is to prove that {z,} has a subsequence which is convergent in Y ~(R?) X

2 c(R?).
By Lemma 2.2, it can be immediately deduced that {z,} is bounded in Y (R?) x Y (R?),
therefore passing to a subsequence, one can suppose that :

Up; — w; and v, ; — v; in Z(Rz),l <i<2. (3.2)

Now set pni = |20 = (ufm + viyi)l/?
It follows that {p,;} C > (R?) and that for alln € Nand 1 <4,j <2

Un i (2) 05U i () + vy () 00p, 4 ()
Djpni = (up; + vz )2
0 elsewhere

if ul; + v ;>0

Thus

A

~ 1
E(z,) — E(pn) = s{lIVzall3 = IV]2nl13}
% 53— |Vpn,1|§ - |Vpn,2‘§}
= —{!va!% \va@ [Vtnals + [Vunals = [Vonals — [Vonals}

_ 1 Z/ (un,iajvn,i — Vi OV ) -0
{2 >0} u; +p N
N N (3.3)
Hence I, ., = lim E(z,) > limsup E(py).
Taking into acgc?uo;lt that, we obtain :
||an||2 |pn2|2 _>sz V1<i<2, (3.4)

Thus using Lemma 2.2 4), we obtain that :

~ ~

liminf E(p,) > lim inf Icn vene = eres = Loy oo
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and hence

lim E(p,) = lim E(z,) = Tever = Iy oo (3.5)

n—o0 n—oo

On the other hand (3.3) implies that for any 1 < i < 2, we have :
lim /R 2 Vi |* 4 V> = [Vl ; + vl )/?Pde = 0. (3.6)
(3.2) together with (3.6) imply that V1 <i < 2.
tin [ Vi (TP =l [ 902,42 ) 1)

which is equivalent to say that

z. (3.8)

lim ||[Vz,|2 = lim )V|zn|
Now using (3.4), (3.5) and Remark 1, p, = (pn.1,pn2) is relatively compact in Y (R?) x
S~ (R?). Thus, there exist p1, ps € >_(R?) such that :

(u2; 4 v2,;)"/? converges to p; in Y (R?*): V1<i<2

(2

|pjl2 = ¢; and (3.9)
E<p17 :02) - 161,62

Let us first prove that p; = |z| = (u? + v?)Y/? ; (u; and v; are given in (3.2)).

By (3.2), we know that u, ; — u; and v,; — v; in L*(B(0, R)), and we can easily see that :
[(uiz + 7)121,1‘)1/2 - (7%2 + Ui2]2 < Nt — Uz"2 + Vg — Ui\2,

therefore
(ufw + Ufm-)l/2 — (u? + 05)1/2 in L*(B(0,7)) V R>0.

But (u2; +v2;)"/? = p; in L*(B(0, R), this certainly implies that |z;| = p; V1 <i<2.
On the other hand ||z,|l2 = [|zn.ill2 = ¢ = ||| = |]2]]2-
Therefore the proof of the first part of Theorem 3.1 is complete if we show that
lim ||[Vz.lls = |[Valls V1<i<2.
n—oo
From (3.6), we have that
lim [|[Vznll2 = lim |V]z,4]l2  and im |V|znill2 = |V]zill3-
n—o00 n—o00 n—-+00
Hence by the lower semi-continuity of | |2, we have :
IV2il3 < lim [Vz,3 = lim [V 205 = [V]zi][3 (3.10)
Finally, replacing z,; by z; in (3.3), we see that :
IVl > [V]zl; Y1<i<2

Now using (3.2), we know that z,; — z; in Y ~(R?). Thus z,; — z;in Y (R*) V1 <i<2.
Proof of 2) Let z = (21, 22) € Z,, ., With 21 = (u1,v1) and 25 = (ug, v2).
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Let p; = (u? +v2)Y? and py = (u2 + v2)/2. By the latter, we certainly have that

uﬁvz—vlaul 2
( JU?H)?J )dsz (3.11)

V1<i<?2 \71§j§2/

R2
On the other hand E (21,22) = I c1,c0» Which implies that there exists a Lagrange multiplier

o« € C such that ,

o _ _
E(2)¢ = 5 Z; %€ + &z for all € € C x C.
By elementary regularity theory and maximum principle, we can prove that u; and v; €
C°'(R*) N> (R?) and p; > 0.

Set 2 = {z € R? : u;(z) = 0} then Q is closed since u; is continuous. Let us prove that
it is also open.
Let z € Q. Using the fact that v;(z) > 0, we can find a ball B centered in x, such that
vi(z) # 0 for any = € B.
Thus for x € B

0;0jv; — v;0jv;)? Uiy} o
( ]u?+vi2j :[@(U—i]mforlgz,ng.
This implies that
[vehe B .
R :

Hence V(%) = 0 on B = 3 C such that {* = C on B. Since 29 € B = C' = 0.

Therefore 2 is also an open set of RV, Hence we have proved that for 1 < i < 2, these are
two alternatives :

1. u; =0 or u; > 0 or R?
2. v; =0 or v; >0 or R2.

Now let 2; = €7w;, 0; € R, w; € We o, Thus |z = ¢ and E(zl,zg) = 1201762. Then
{eiw; : 0; € Ryw; € Wy ey} C Ziy ey N
Conversely for z; = (u;,v;) such that (21,20) € Z., ., set w; = |z]. Then E(zl,z2) =
E(wlaw2) = jcl,cg = jcl,cz and (wlawZ) € Wc1,62'
We now have four possible alternatives. We will discuss one in details, the three others can
be shown following exactly the same ideas.

Suppose that v; and v, # 0 for all z € R

In this case, it follows that V(3*) =0 on R*.
Thus we can find 2 constants K7, Kg € R such that

u; = Kqjv;  and  wuy = Kyvs.

Therefore wy = (K + 1)vy and wy = | Ky + i||vy].

Let 6, € R such that K; +i = |K; +i|e” and let ¢; = 0 if v; > 0 and ¢; = 7 if v; < 0 on
R2. Setting o1 = 61 + @1, 21 = (K1 +i)vy = | K| + i |vi]|et = wyetr.

Similarly 2z = woe'? with w = (wy, wy).

Acknowledgement: The author would like to thank Rada Maria Weishaeupl for fruitful
discussions.
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