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1. Introduction

A partial differential equation is referred to as fractional PDE when it involves
derivatives or integrals of fractional order. The concept of fractional calculus started
with some speculations of Leibnitz in 1695 in a response to De L’Hopital’s question
about what would be the n'" derivative of a function when n= % Leibnitz’s answer
was: An apparent paradoz, from which one day useful consequences will be drawn.
Based on the mathematical studies and the contributions of several mathematicians,
L. Euler, P.S. Laplace, S.F. Lacroix, J.B.J Fourier, N.H. Abel, J. Liouville, B. Rie-
mann and many others and the recent development of applied mathematics, Leibnitz’s
answer appears today at least half right. Indeed, the definitions of fractional deriva-
tives and integrals are no less rigorous than those of their integer order counterparts
even though the fractional calculus appears in the modeling of several non paradoxical

physical phenomena.

In particular, the class of PDEs
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whith N € N* being the space dimension and 0 <s<1, Cy s a normalization constant
and f a given local or nonlocal nonlinearity, received the interest of the mathematical
community and has been widely studied in the last decades. This interest is due to
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2 Fractional Hartree-type NLS

the fact that the fractional Laplacian operator arises naturally in many contexts and
concrete applications in various fields, such as optimization, phase transition, the thin
obstacle Theorem, anomalous diffusion, financial markets, crystal dislocations, mem-
brane and flame propagation, quantum mechanics, quasi-geostrophic flows, minimal
surfaces, water waves, elliptic problems with measure data etc. We refer the reader
to Ref. [12] for (non exhaustive) list of references about applications. It is worth
noticing that applications appear as well in bioengineering and medicine where the
equation of motion of heart valve vibrations and stimuli of neural systems are mod-
eled through fractional differential equations, [30, 31, 32, 33, 40]. The mathematical
literature dedicated to the analysis of fractional PDEs is too wide to be fully listed
and mathematically situated here. Briefly speaking, equation (1.1) usually derives
from the time-dependent fractional nonlinear Schrodinger equation

iatu(t,x)+(—A)Su(t,x):f(\u|)u(t,x), u(tzoax):um (12)

where 0; denotes the partial derivative with respect to time variable t. So far, only
two cases have been considered in the mathematical literature, namely

Fllul) = luf~, (1.3)

Fllul) =l 70 (1.3)

where * denotes the convolution operator on RY. The nonlinearity (1.3a) arises in
applications like ferromagnets materials such spin glasses, iron ores, cobalt and nickel.
It appears as well in the modeling of other phenomena like neural networks and Bose-
Einstein condensation. In the latter case, it is essential to study the minimization
problem associated to (1.2), namely

In= inf {5(u):—;/RN(I(A)3u|2F(u))dx, /RN|u2dx—)\}, (1.4)

u€Hs (RN)

where F(z)= [t f([t|)dt. Indeed, in a Bose-Einstein condensate, the particles are
so super-cooled (billionths of degree Kelvin) that they all fall in the lowest quantum
state (ground state) and exhibit a quantum behavior macroscopically. Therefore, as
a first step it is fundamental to study the quantitative and qualitative properties of
the minimizers of (1.4). We refer the reader for instance to Refs. [36, 37, 15, 2, 3, 34,
35, 13]. In the case of the Hartree-type nonlinearity (1.3b) (N=3,y=1 and s= %),
the most relevant application arises in relativistic physics. Indeed, the nonlinearity
describes the short-term interactions between particles. The associated minimization
problem is the following

] 2 2
Iy = inf {S(u):l/ <|(A)2u|2/ |u(:r)|u(y)|dy> dz,
ueH?3 (R3) 2 Jrs B |r—yl

/]Rg|u|2dx:)\}. (1.5)

The above constrained variational problem plays a fundamental role in the mathe-
matical theory of gravitational collapse of boson stars. In Ref. [28], the authors have
showed that (1.4) admits a nonnegative radial solution if and only if A=A* where A\*
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denotes the critical mass. They have also proved that bosons stars with local mass
strictly less than the critical mass are gravitationally stable, whereas those with total
mass exceeding the critical mass may undergo a gravitational collapse and we refer
the reader as well to Refs [11, 16, 18, 26, 27, 10, 1, 22| for more details about this
family of models.

In this paper, we present a complete study of equation (1.1) with a generalized version
of nonlinearity (1.3b). We start by showing that the associated Cauchy problem is
well-posed under suitable assumptions on the nonlinearity and the power s. Next,
we prove the existence of standing waves using a variational approach based on the
concentration-compactness method [29], thereby extending some known results (see
above). Eventually, we show the orbital stability of such standing waves and charac-
terize the orbit following the classical argument of [6].

2. Main results

In this paper, we are concerned with the mathematical analysis of the following
Cauchy problem

0o+ (=A)*o=(G(|¢])*V(|z]) g(¢),
(b(t:O,LI}) :(bo'

S

In the system ., ¢(t,z) is a complex-valued function on R x R™ and ¢ is a pre-
scribed initial data in H*(RY). The operator (—A)® is the fractional Laplacian
of power 0<s<1 defined in (1.1). It is worth mentioning that it is a pseudo-
differential operator where F[(—A)®@](&)=|£|?* F[¢](€) with F being the Fourier
transform. The potential V is such that V(|z|)=|z|*~" where 8 >max{0,N —2s}
and G:RT — R* differentiable function. Eventually, the function g is such that for
all zeC, G(z)= O‘Z‘ g(a)da where g: R — R is continuous and extended to the com-
plex plane by setting g(z) = |—§|g(|z|) for all z€ C and z#0, that is g=G".

In Ref. [20], the authors studied the associated variational problem

79 —int { € PO s, ~ PG(oD. Gl ue R, [ uto)Pdo=1f.
(2.1)

with the notation

D(G(l¢]),G(1¢D)) ::/wauw G(lu@))V (Jz—yl) G(luy)]) dzdy,

for a general nonlinearity G' and a kernel V(|z|) =|z|*~" where the Sobolev space

H*(RY) is given by
17 (&Y= {uwe L2RY), 1] Flul (€) sy <00}

In the critical case, 2s= N — 3, they were able to extend the results of [28]. Moreover,
in the subcritical case, 2s > N — 3, they have also proved the existence and symmetry
of all minimizers of (2.1) by using rearrangement techniques. More precisely, they
showed that under suitable assumptions on G, one can always take a radial and
radially decreasing minimizing sequence of problem (2.1).
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Beyond the existence and uniqueness facts, a very important issue related to the
nonlinear fractional Schrédinger equation . is the orbital stability of standing waves.
For such an issue, it is essential to show that all minimizing sequences are relatively
compact in H*(RY). This is the gist of the paper [6]. The line of attach is the
following

e Prove the uniqueness of the solutions of ..
e Prove the conservation of mass and energy of the solutions.

e Prove the relative compactness of all minimizing sequences of the problem
(2.1).

Our first result concerns the well-posedness of the system . with G being nonnega-
tive, differentiable with G(0)=0 and for all ¢ € R, there exists k>0 such that

2s+q [ Swrssur)

A()Z E'/LE |:2,].+
G (W) <K ([P]+ ).

More precisely, we have the following

THEOREM 2.1. Let 0<s<1,0<B<N,N—2s<f,¢0€ H*(RY) and G such that Ay
holds true. Then, there exists a weak global-in-time solution ¢(t,x) to the system ./
such that

€ L®(R; H¥(RY))nWh>(R; H*(RY)).

Moreover, the solution is unique if
e =2, N>1 and2s>N—p3,

e u>2, N=1and : <s<l1,

N 2s—1-2N+28 N
® 2< <2+ yog TN V23, vy <s<1 and

1 . 3N N
N_S+§<ﬂ<mln(N,7_8_£)

The existence part of Theorem 2.1 will be shown using a classical contraction argument
and the conservation laws associated to the dynamics of system .#. For the uniqueness
when £ =2 one can easily deduce that the L? or H* norm of the difference of two weak
solutions vanishes via Hardy-Sobolev inequality (see [10]). If p> 2, then the situation
is quite different from the case u=2. One cannot use the usual energy estimate
(except for the case when the embedding H® < L* holds) or the usual Strichartz
estimates owing to the regularity loss. Fortunately, the uniqueness part for p>2 and
N =1 readily follows from the embedding H® < L*> for all s> % The uniqueness
in the case N >3 will be obtained using mixed norms and weighted Strichartz and
convolution inequalities, which require N >3. It would be relevant to find estimates
to handle the uniqueness for N =2. Let us mention that in Ref. [21] the authors
showed the orbital stability of standing waves in the case of power nonlinearities by
assuming energy conservation and time continuity without proving uniqueness, which
is an inescapable and quite hard step, especially in the fractional setting.
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A solution of system .7 is called standing wave solution if it has the form ¢(t,z)=
etu(x) with v €R and u(x) solves the following bifurcation problem

S (A u=vu+N(),
where

N(¢):=[V(jz])xG($)IG'(¢).

In order to study the existence of a solution (k,u) to the stationary equation 7 , We
use a variational method based on the minimization problem (2.1), namely

I,\—inf{é'(u), ue H*(RY), /RN |u(x)|2d;ﬂ—)\}, (2.2)

where A denotes a nonnegative prescribed number and

LD(G (ul), G(Jul)).

1 2
5(“):§||Vsu||L2(RN)* 9

For all function u in the Schwarz class, the kinetic energy is precisely expressed as
follows

2 _ |u(@) —u(y)|?
||vsu||L2(RN)—CN7S/RNXRN Wdl’dy (23)

The standing waves solutions of . will be obtained as critical points of the functional
& with the following extra assumption of G for all ¥ € R,

30<a<1+¥ st. Vi, 0<y<kl, x>0 st GW)>ky®,
.Ali

G(0) > 01753 G(y).

More precisely, we have

THEOREM 2.2. Let 0<s<1,0< <N <SB+2s and G such that Ay and Ay hold true.
Then, for all \>0, problem (2.2) has a minimizer uy € H*(RY) such that Iy =& (uy).

This Theorem will be proved by showing that any minimizing sequence of problem
(2.2) is, up to translation, relatively compact in H*(R™). Our argument is based on
the concentration-compactness method of P-L. Lions, [29].

The last part of the paper is devoted to the stability of such standing waves. Before
going further, let us introduce

f,\:inf{j(z), z=u+iv e H*(RY), / |z|2dx:)\},
RN

1
2
1 2 1 2 1 2, ,2\% 2, .2\
= SIVaulfa@n) + IVl Za@n) = 5 DG +07)2), G((u? +0%)2))

=T (u,v).

T(2) = 31V ) — 5 DG, GlI2D),



6 Fractional Hartree-type NLS

Obviously £(u) =T (u,0) holds. Now, we let
@A:{zeH‘S(RN), / |z dz =X : j(z):f,\}.
RN

The set O, is the so called orbit of the standing waves of .’ with mass VA. We define
the stability of O, as follows

DEFINITION 2.3. Let ¢g € H*(RYN) be an initial data and ¢(t,x) € H*(RYN) the asso-
ciated solution of problem .. We say that Oy is H*(RN)—stable with respect to the
system & if
° @)\ 75 .
e For all €>0, there exists §>0 such that for any ¢o€ H*(RN) satisfying
inf,_p, [¢o—2] <3, we have inf 5 |B(t,2) —2[<e for all t€R.

Obviously, the notion of stability depends intimately on the well-posedness of the
Cauchy problem . and the existence of standing waves. Therefore, having in hand
Theorems 2.1 and 2.2, we prove the following

THEOREM 2.4. Let N >3, Q(Nil\ll)<s<1, N—s+%<5<min(N,%—s—%) and let

G satisfying Ao and Ay with p (in Ag) such that
N 2s—1-2N+28
N —2s 2s—1+N

Let ¢o € H*(RN) and ¢(t,x) € H*(RN) the associated solution to the problem .. Then
Oy is H*(RN)—stable with respect to the system ..

2<pu<2+

The paper is organized as follows. The first section is dedicated to the analysis of the
dynamical system .#, that is the proof of Theorem 2.1. This is achieved in a classical
way by showing the local-in-time existence of solutions using a contraction argument.
Next, we prove the uniqueness under extra assumptions. Eventually, the conservation
laws allow us to obtain the necessary a priori estimates to show the global-in-time
existence and uniqueness of solutions. The second section is devoted to the proof of
Theorem 2.2 using variational tools, namely the concentration-compactness method,
[29]. In the last section, we prove Theorem 2.4, that is the stability of standing waves.

From this point onward, n and x will denote variant universal constants that may
change from line to line (possibly of the same inequality). When 1 depends on some
parameters, we will write 7 (-) instead of  and equivalently for . In order to lighten
the notation and the calculation, we shall use LP and H® instead of LP(RY) and
H*(RY) respectively for real or complex valued functions. Also, we shall use |||,

instead of |||, g~ for all p€[l,00]. The exponent p’ will denotes the conjugate

exponent of p, that is %—i— ﬁ =1. For more details on Sobolev spaces H?®, we refer the

reader to any textbook of functional analysis (see [7] for instance). Eventually, we

shall use the shorthand notation sy := =5--

3. Well-posedness of the system .

In this section we prove Theorem 2.1 by proceeding in three steps. First, we
show the existence of local-in-time weak solutions, then we show their uniqueness.
Eventually, we derive a priori estimates to obtain the global-in-time existence and
uniqueness of such weak solutions. Since, G’ =g, the following observation holds true

l9(2)|+19'(2)2| <C(|z| +|2/"~') forall zeC. (3.1
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3.1. Weak solutions In this subsection, we show the existence of weak solu-
tions to system . in H®. We will prove that A is a Lipschitz map from L? to L" for
some p,r € [2,sx). The rest of the proof follows using a classical contraction method
and we refer the reader to the book [7] for instance.

PROPOSITION 3.1. Let N>1, 0<s<1 and 0<B<N<3Bsy. If g satisfies (3.1)
with pe [2,1—1—25;%. Then there exists a weak solution ¢ such that for all te
(_Tmianmaz)

¢eLOO(_TminaTmaa;;Hs)mWLOO(_Tmin;Tmaw;H_S)v

where (—Tiin, Timaz) 18 the mazimal existence time interval of ¢ for given initial data

¢ € H?.

Proof. Let us introduce the following cut-off for the function g. We introduce
g1(a) =X{o<a<139(a) and g2(a) = x{a>139(a) so that g= g1+ go with obvious defini-

tion of the Euler function x. Moreover, let G;(z) = Olzl gi(a)da. Then, we write

No= 3 Nolo)  where Nylo)= [ P a0

i,j=1,2

Now, we claim that for all 1<4,j <2, there exist p;j,ri; €[2,sn) L a;; >0 and a pos-
itive constant n (K) <k K% such that

INVi (@) = Nig (D), <n (E)ll¢ =l (3.2)

holds true provided that ||¢|| ;. +|¢|l ;- < K. This would implies that N': H®* — H~*
is a Lipschitz map on bounded sets of H®. Indeed, let 1 =2 and ps =, then

pi—1
‘Mj((z’)_Mf’(w"ﬁ"AN ’ uj'ﬁﬁ [6—ldy|g]" !

Hj—2 Kj—2
e [ o 221

|z —y[NF
Applying Hélder and Hardy-Littlewood-Sobolev inequalities, we obtain

pi—1

Hi

dy ¢ —1)|.

NG (8) =Ny (@), < [0l + el |l o=l
Enllells (ol + el =2l =l
provided that for all 1<4,j <2, we have
1 o1 ;
1. 5 Li 721 and ﬁ<’i. (3.3)
pij N 1y o1y Ny

Now, we show that there exist p;;,r;; € [2,sn) satisfying the system (3.3) for all N > 2,
0<s<land 0<fB<N< %531\; which infers in particular that the inequality (3.2)
holds true using Sobolev inequality. For that purpose, let p;;,r;; be on the line

1 1 1
rij it —1 N pij

f N=1 and %§s< 1, then sy is interpreted as co.
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Obviously, % can be seen as a decaying function of ﬁ and one has
ij ij

1 1 g 1 1 1 B 1)
— =)<z and —<—— 14+ —=——
,ui‘f'/lzj—l(? N> 2 SN ,ui—l—,uj—l( N sy

Therefore, the line (3.4) of ( T L) always passes through the open square (i i
Pij

).
Thus, all what we need is to ﬁnd a pair (%77) of line (3.4) such that 7’4“ % for
ij ij 1
all 1<4,j<2. Actually, it is rather easy to see that we have

I5) 25+ 1 s i 1 s
291 42 N
A G A R Al R

This inequality implies that

1 1
s ()
N = pitpi—1 N sy

which infers the existence of a infinite number of pairs (r; j,p;;) € [2,sn)? satisfying
(3.3). The proof of Proposition 3.1 follows now by a straightforward application of a
contraction argument. O

3.2. Uniqueness The cases when p=2, or p>2 and N =1 can be treated as
n [10], [7], respectively, and we omit the details. In the case of N >3, the uniqueness
of weak solutions can be shown by the mean of weighted Strichartz and convolution
estimates. For that purpose, we introduce the following mixed norm for all 1 <m,m <
00

lgrg = ([ ko)™ dn) )

The case of m=o00 or m=o00 can be defined in a usual way. Now, we claim the
following.

ProrosSITION 3.2. Let N >3, 2(N iy
g such that condition (3.1) holds true with

<s<1,N—s+31<B<min(N,2¥ —s— &) and

N 2s—1-2N+2p3
N —2s 2s—1+N

2< <2+

Then the H®-weak solution to the problem ¥ constructed in proposition 3.1 is unique.

Remark 3.1. The restriction on the dimension N in Proposition 3.2 15 imposed to
ensure the conditions 2(1\1,\[_ 7y <5< 1 and N — s+ <B<3N _s— N These conditions

are needed to guarantee the existence of ea:ponents q,q and r satzsfymg the equality
(3.8) below.

Proof. Let U(t)=e™*(=2)" then the solution ¢ constructed in Proposition 3.1
satisfies a.e. for all t € (—T}in,Timas) the integral equation

o0 =V =i [ U=V (o). (3.5)

Before going further, let us recall the following weighted Strichartz estimate
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LEMMA 3.3 (Lemma 6.2 of [10], Lemma 2 of [8]). Let N >2 and 2<q<4s. Then,
for all v € L?, we have

—5
|||$| U(t)'(/)||Lq(_t17t2;Lng) <n ||'(/}||L2’

where § =

N+2s N
q 2

S

7

— % — ﬁ (%S — 5) and n 1is independent of t1,ts.

In Ref. [10], it was shown that

1

25
2] ~° Do’ Ul pa—ty 050302y SN L2

Lemma 3.3 can be derived using Sobolev embedding on the unit sphere. Here D, =
v1—A, where A, is the Laplace-Beltrami operator on the unit sphere. Furthermore,
let us recall the following weighted convolution inequality

LEMMA 3.4 (Lemma 4.3 of [9]). Let r€[l,00] and 0<6<y<N-—1. If 1> 2
then for all f such that |x|~=9 f€ L', we have

el (=7 Pl ey, <2l =72 £l

Now, using Lemma 3.3 one can readily deduces that

t
el [ 0G0 ity angay <11 s (36)

Thus, if we set f=N(¢)—N(¢) and y=N — 3. Then from (3.5) we infer

10 =l Lo (—ty 022y + ||\$|_5(¢—1P)HL4 2 L3LT)

<03 [ W) Ny @)

—t1

1,7=1

s / || / =yl Lol Gl dyl | e
3,7=1

+n2 / || / =~ [l dy (912 + ]9 2) 6 — || 2
i,j=1 —t N

= Z (Th+T,
Q=1

We first estimate 73 using Hélder’s and Hardy-Littlewood-Sobolev inequalities via
Lemma 3.3 and (3.6). On the one side if j=2, we choose 71,¢1,01 with ¢ =2(u—

1),01 = NJZf) - % and

L=l p=1 1 _1 1 s 1. 1 _ N-8

- ~ ~ S > )
2 1 q1 G 2 N—l(u—l 2)7 rn N-1
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for which we need >N —s+1 and u<2+25+2571§2N_1

enables us to use (3.6) so that

, then our choice of s,u,s3

to
—51 L — — LG — LG —
Th<n / PR / o=y (0l ) 6 ldyl
—t1
<Nl gl

qu qu

<n / e e e TN R N [ .

Here we use Hardy-Sobolev inequality such that for 0<g¢< N and 2<p<oo

4
™% fll, < mllfIl -

Since in  our case g¢=2(N-B-01(u—1)),p=2(n;—1) and L -T9=

y_ N— 2(1205 ‘il)(“ D) < (for this we need p <24 =5 ﬁ+28 ) we have

SN N—-2(N—-B— 51(# 1)))

i—1 i
Th<n / 01" 3" sty peayu +I
—t1 2(p;—1) H?2 2(p; —
1
< 16—l 12~ 61",

L‘Zl qu
ta; Hs))

H¢*1/1||Loo(_t1,t2;Lz>-

pi—1

<t +t2)t (ol it
x|z %H

L‘11( ty,to; L LIL)

On the opposite side, if j =1, then we can choose € [2, Nzivzs} such that

B opi—1 1 B
N 27w

Such a combination is always possible thanks to our conditions on wu,8 and s. There-
fore, we get as above

to
< / Uelly ="+l Dlle =l li¢l, de',
—t1

St +82) (L0l Lo (=g tgs075) TN oo (=t i 275)) 1O =Yl oo (1 0512

We are kept with the estimates of 7;? If j=1, then we can use Hardy-Sobolev
inequality (3.7). In fact, we have

<] / 5=y [P dyll e |~ 08

—t1
2
<n / Il o=l
—rl1

2
St +E2) [Vl oo (4 0509

=l oo (4, t0302)-
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Since % — g < s we also have

to
B I S e S
*tl RN

to
<0 [y sllo- vt
—t1 H?2 »

2
<C(t +t2)H1/’||Loo(—t1,t2;Hs)

¢_w||L°°(—t1,t2;L2)'

When j =2, we use the weighted convolution inequality (Lemma 3.4). The hypothesis
on B, guarantees the existence of exponents ¢,q and r satisfying the conditions of
Lemmas 3.3, 3.4 and also the following combination
1 (p—=2)(N-2s) 1 1 (u—2)(N-2s) 1
= =T 3.8
2 2N + q T + 2N + q (3:8)
For this we actually need p<2+ N]st 25}?2_527]\;_17 which is less than 2+
min(‘”zs’N 2B+25—N—1

N—-2s 7 N

to
T [ Wl [ =yl
—t1

ta
<y / |79 s

—t1

). Hence, using the Hardy-Sobolev inequality (3.7) we write

i n—2 p—2 )
Aylzry (16128 + w18 ) x

N —

x|zl = (6 =)l g g ',

Hi

o (I N2 Nl (=) g

to
—2 —2 _
< [ 10y (IO 101 el 0= ) g 0
1

Hi

H Hi
pitp—2 ~
Loo(—t17t2;HS)

X |||$|76(¢*7/})||Lq(,t1’t2;Lng)~

1—1 itu—2
<n(ty+ty) "4 (||¢| ILLOO(#—thtz;HS)Jr”i/}

Now, if (—ty,t2) C [-T1,T»] and ||¢||L°°(—T1,T2;HS) + ||1/)||Loc(_T17T2;HS) < K, then gath-
ering all the estimates above we infer

||¢_¢||L°°(*t1>tz;b2)+H|x|75(¢_w)HLCI(ftl,m;L%L?) <n(K?+K*7%)x
_1 _
X (tl +t2)1 q (H(b*wHL‘x’(—tl,tz;LZ)+H|$| 6(¢7w)||Lq(*t1,t2;Lng)) .

Thus, ¢=1) on [—t1,t2] for sufficiently small t;,t5. Let I=(—a,b) be the maximal
interval of [—T7, T3] with

16— 0l ety +llal @ =Dl _ogzgsy =0, c<a and d<b.

Assume that a <717 or b<T,. Without loss of generality, we may also assume that
a<T; and b<T5. Then for a small e >0 we can find a<t; <Tj and b<ty <Ts such
that

16 =l poe (a1 2522 +H|x|_6(¢_w”LQ(—tl,tz;LﬁLg) <(K?+K*7?)x
1 _
X (tl +12 —a—b)l q <||¢)_w||Loo(*t1,t2;L2) + H|l‘| J(Qﬁ—w)HLq(,tlth;Lng)) )

<(1-¢) (||¢_¢“Loo(7t1,t2;L2) +H|$|_6(¢—IZJ)HLQ(_tth;LZLg)) ‘
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This contradicts the maximality of I. Thus I =[-T1,T3]. Actually, since [-T},T3]
is arbitrarily taken in (—Tinin,Tmaz), We get the uniqueness o the whole interval
(=Tmin, Tmaz) and the Proposition 3.2 is now proved. O

3.3. Global well-posedness Using the argument of Ref. [7], one can show
that the uniqueness implies actually well-posedness and conservation laws. That is

hd d)GC( mznaTmavas)mcl( mznaTmax;H_S)7
e ¢ depends continuously on ¢q in H?,
hd ||¢(t)HL2 = ”(]50”[,2 and  E(@(t)) =E(¢o) for all te (=Tnin,Timax)-

The proofs of these points are standard (see [7]) and we omit them. The global well-
posedness is a consequence of the uniform bound on the H® norm of ¢(t) we shall
obtain, for all t € (—Tyin, Tmaz ), in the sequel.

Indeed, we first consider the global existence of weak solutions. Let us assume that
¢ is a weak solution on (—Timin,Tmaz) as in Proposition 3.1. We show that ||¢()|| .
is bounded for all t € (—Thnin, Timaz). For this purpose, let us introduce the following
notation for all 1<7,57<2

D(G(lo]),G(21)) ZD1]|¢| Di;(19):=D(Gi(le),G5(I0D).  (3.9)

3,j=1

Using Hardy-Littlewood-Sobolev and the fractional Gagliardo-Nirenberg inequalities
and the assumption Ay, we can write the following estimates

4 4_N=8 N-B

Dia(loh) <nliolax <nlioll, = M4l (3.10)
op— N=1)-s N(u-1)-8

D, 2(|¢|)<n\IUII§%_nH¢II N (3.11)

Dya(16]), Do (6] <7 [l 2 (3.12)

||¢HH5

Since N —3<2s, then 0< NT%SZ and 4—NT*B >2. Also, since 2<pu<1+ 2S]¢ﬁ,
then 0< NTfﬁ < w <2 and 2u— w >2. Eventually, it is rather easy
to see that w >2 so that p+2— % >u>2. The estimates above can be
summarized as follows with p; =2 and po = p.

Hi 127}
R B e

<nlllls T (g (3.13)

where

Vi Y <1+ f,) (é\; 1) (i +p15)-
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Thus, we have clearly with the conservation laws

1 1
S0l = 519132 +€(6) + DG(1),G)),

Lo ey L2
< sldollZ +E@0)+n 3 ool 2™ T + 5Nl

i,j=1,2

Thus

||¢||H? <n (||¢0||HS)7 for allt € (—Tinin, Trmax)-

Therefore Thin = Tinae = 00. Eventually, the proof of Theorem 2.1 follows by combin-
ing this fact with the Proposition 3.1.

4. Existence of standing waves

In this section we study the minimization problem . We prove the existence
of solutions to .& using a variational approach via the concentration-compactness
method of P-L. Lions [29]. Indeed, we aim to prove the existence of critical points to
the energy functional

£(w)= 5 IVl — 5 D(G(Jul), G(Jul)).

In other words, we look for a function uy such that
E(ur) =T =inf{5(u), we HRY), / |u(x)2dx:/\}.
RN

As noticed in the introduction of this paper, this problem has been studied in various
situations depending on the value of s and the conditions on # and the integrand G
in Ref. [10, 20]. In order to prove the existence of critical points to the functional &,
we start with the following claim

PROPOSITION 4.1. For all A>0 and G such that Ay and Ay hold true, we have

o The functional €€ C*(H®,R) and there exists a constant n >0 such that

€' @)l -« <m ('u”HS + |l ¥ ) :

o —00<7Z,<0.

e Fach minimizing sequence for the problem Iy is bounded in H?®.

Proof. Let us mention that only assumption 4 is needed to prove the C'! property
of the energy functional £. The proof of this assertion is standard and we refer the
reader to Ref. [19] for details. Now, we prove the second assertion. Let ue H®(RY)
such that |Ju|| ;> = VA and assume that Ay holds true. Then, on the one hand, thanks
to (3.10-3.12), it is rather easy to show using Young’s inequality that for all €;,es
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and e3, there exist C¢,,C¢,,Ce, >0 such that

_4s+B-N

2 e
D1 < (e Julfre +CoX), =S TN (4.1)
2sp+B—N(u—1)
Dyo< ( 2 +C. /\62), - . 42
1,257 62||UHH-Jr 2 €2 2s+B—N(p—1) (4.2)
2sp
Dy 9, Do < ( 2 CEA%), =14 4.3
12 D21 <7 (e fJullfy +Co e =1t o o (4.3)

Observe that 0<2s+ 08— N <4s+/5— N so that e; >1. Also, 0<2s+8—-N(p—1)<
2sp+ S —N(u—1) so that eo >1. Eventually, 4s— Nu+25>2s+—N>0 so that

45_]2\}9% >0 and e3> 1. Therefore, for sufficiently small €1,e5 and €3, one has

1 1
0= (- (ateten) ) ful - 3 -1 (Cak +Cd +Cx),
1
> =5 A= 1 (Ce X+ Cep A 0y X°).

Thus, we obtain Z) > —o00. On the other hand, let us introduce for all § €R, the
1 1
rescaled function us=02u(6~-). Obviously, one has [py |us|* =\ and using A;

a-(1+2)
() <55 [ Ay u(@)P o g D(ula) " Ju(w)|*).

We have 0 < a— (1 + %) < 2—]\‘;, therefore we can take § small enough to get &€ (us) <0.

Thus, Z) <&(us) <0. We are kept with the proof of the third assertion. Let (uy,)nen
be a minimizing sequence for the problem Zy. Therefore, thanks to (4.1-4.3), we have
for all ue H*®

D(G([ul),G(|ul)) <nler+ea+es) ull Fre +1 (Coy A +Cey A2 +Ce, A%).
Hence
I3+ = 2& (un) + [[unl[72 + D(G(|tn ), G(|un)).
<2y + A+ (e1+eates) [unl3e +7 (Ce, A +Ce, A +Ce A%%).

Eventually, we pick €1,e2 and €3 such that n(e; +€e2+€3) <1, we get immediately that
the minimizing sequence (uy)nen is bounded in H®. O

Before going further, let us introduce the so called Lévy concentration function

Q,(r)= sup/ |un(ac)|2dx
B(y,r)

yeRN

It is known that each Q,, is nondecreasing on (0,400). Also, with the Helly’s selection
Theorem, the sequence (Q,)nen has a subsequence that we still denote (Qy,)nen by
abuse of notation, such that there is a nondecreasing function Q(r) satisfying

Qn(r)—— Q(r), forall r>0.

n—-+o0o
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Since 0< Q,,(r) <\, there exists §€R such that 0 <5<\ and

o(r) —— .

r—+00

Briefly speaking, a minimizing sequence (uy)nen for the problem 7, can only be in
one of the following situations:

e Vanishing, i.e. y=0.
e Dichotomy, i.e. 0 <y <.
e Compactness, i.e. y=\.

In the sequel, we shall proceed by elimination and show that vanishing and dichotomy
do not occur. Therefore, compactness is the only possible scenario. Our starting point
is the following

PROPOSITION 4.2. Let A>0 and (un)nen be a minimizing sequence of problem I
with G such that Ay and Ay hold true. Then > 0.

The proposition claims then that the situation of vanishing does not occur. In the
proof of Proposition 4.2, we shall use, for all subset of A CRY, the notation

Dla(G(Jul]),G(Jul)) ::/A AG(IU(x)I)V(Iw—yl)G(IU(y)l)dwdy.

Proof. Let us first prove that D(G(|un|),G(Juy|)) is lower bounded. In other
words, we show that for n €N large enough there exists >0 such that

6 <D(G(Junl), G(Junl))- (4.4)

On the one hand, we argue by contradiction and assume that there exist no such d.
Therefore liminf,,_, { oo D(G(Junl),G(Jun|)) <0, thus

n—-+oo 2

. /1 1
Ti= lim ()= lim_ (2||vsun|§2—D(G(|un|),a(|un|))>

1
>—— i >0.
>3 lim_D(G(Jun), G(lun)) >0
The inequality above is in contradiction with the fact that Z, <0. On the other
hand, arguing by contradiction and assuming that the minimizing sequence (uy)nen
vanishes, i.e. assuming that y=0. Then, there exists a subsequence (un, )ren of
(un)nen and a radius 7> 0 such that

sup / |t (2)]?dz —— 0.
yeRN J B(y,7) k—-+o00

Next, since the sequence (uy, )ken is bounded in H?®, then one can find r. >0 such
that

Dl{jz—yizry (G, ), G(Jun, ) <

NN e
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Now, we cover RV by balls of radius r and centers ¢; for i=1,2,... such that each
point of RY is contained in at most N +1 ball. Therefore, there exists N, ball and a
subsequence (¢;,)i=1,... n. such that

,,,,,

2
D|{|w—y\Zre}(G(|unk |)7G(|Unk 1)) <n Z Dp»qha:—ylzre(

Uny|)s
p,q=1
Hp Hq
1l=11i=1 (Clvr) By(('1l77’) ‘x y|
|tn,, ()]
Z ZZ””M”L"‘ Ba(c T’))H/ kil\fﬁdy‘unk‘ 1||L2(Bm(cm"))7
q=11=11i=1 011,7) |I |

—1
< Nen Z [t HLQ(Bm(cz,T))) ([t 1], [t Hi{N

sup [[un, | 2
=1 2s yEJRN "k llL (B(UT))

2

+N677 Z (ZnunkHLZ(B (e1,m)) >||unk|rpq ” Un,

(p,9)#(1,2),p,q=1

pp—1
Tpq
np—1

X

Xyselﬁg\’ lltn | L2(By,m)s

where r and r,, are such that

B 1 pu-1 1 1_8
N r sy’ 7 27N’

Np_1+ﬂq_1:£ pp—1
T'pq T'pq N T'pq

+%>£7(n®#02)

Since 1+ %7 28— < n<l+ *3”5 ,0<B<N and s>~=58 , it is rather clear that one can
find (as 1n sectlon 2) r TWIG [2,sn] satisfying the algebraic system above. Conse-
quently, we have obviously

D|{\zfy|2r€}(G(|unk|)’G(|unk|)) < (N+1)N€n||u7bk”L2 x

1

2

X (It e+ Ut e + e 52 ”)<sup / |unk|2> :
yERN J B(y,r)

—0.

n—400
This shows that if the minimizing sequence (u,)nen vanishes, then
D(G(lun)).G(Junl)) 7= 0.
This is in contradiction with the property (4.4), namely for n €N large enough there
exists v >0 such that D(G(|un|),G(Jun])) >~. Thus, vanishing does not occur. O
Now, we show the following

PROPOSITION 4.3. Let 0<w <A and G such that Ay and A; hold true. Then the
mapping A— Iy is continuous and Iy <ZLp+T_.
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Proof. Let A>0 and (A;)reny be a sequence of positive numbers such that
Ak k——»)\. Let € >0 and u € H*(RY) such that |ju||;» =v\ and

—+oo

For all k€N, let uj, =/ 3:u. Obviously uy, € H*(RY) and Huk”iz = Ay, so that for all
k€N we have T, <&(uy). Now, we show that £(uy) ﬁg(u) First, for all ke N
— oo

[ Ak
14/ 2k
A

Since any sequence of Z, is bounded in H*(RY) and A, PR A, then we have obvi-
—+00

luk —ull e < llukll g

ously %HvsukHig P %HVSuHiQ Next, following the first assertion of Proposition
—+o0

4.1, we have £(u) € C*(H*(RY),R). In particular, one can easily see from the proof of
this point (see Ref. [19] for details) that D(u):=D(G(|u|),G(Ju])) € C*(H*(RN),R)
and

2048
1D/ ()] < <||u||Hs+||u||H': ) (4.5)

Therefore, we have

Dl -Dlwl=| [ £ Dlewn+ 1=ty

<n sup [ D'(u)lly-
weH? J|ull ;o <n

Y

k—+oco

uk*u”HS,

< |kl s

Thus, we have &(uy) k—)é'(u). Consequently, we have Ty, <Z,+e for k large
—+o00

enough. Next, for all k€N, let us choose iy € H*(RV) such that ||i|| ;. = v\x and

E(ug) <Iy, +%. Moreover, for all k€N, we set @iy = 1/)\%11;@. Obviously, since uy, €

H*RY) and ||ﬂk||12 =\, we have Ty <&(ux). The same argument as above shows
that &(ux) Tn‘,’(ﬁ) so that for k large enough, we have 7y <7,, +e. Whence,
—+00

ATy is continuous on R%. Eventually, using the energy estimates (3.10-3.12) or
(3.13), it is rather easy to show that I )\—+> 0. This shows that the mapping A+ Zy
—0

is continuous.

Let us now prove the strict sub—additivity inequality. For that purpose, we intro-
duce ug=0%u(d~) for all x> ﬁ Obviously u, € H*(RY) and l[uoll 2y = VOA.
Moreover, using 43, we have

)= [ 1) Suofdr— 5D(G o) Gllual),
9"6(1+2T\?) s 19 B n(1+ﬁ)
ST (/RN (=4)7ul deD(G(IUI),G(IuI))> =0 E(u).
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Thus, we deduce that Zy) < gr(1+ %)IA for all # > 0. Now, we let 0 <7 < A. Therefore,
since Ii(l—‘r %) >1 we have

< X R) 7, < (%) 4 (A - ) %),
<o (R R =m0 ) (- ¥,
=T+Ih_r.
In summary, for all 0 <7 <\, we have 7 <Z,+Z\_,. O
Now, we are able to claim the following

PROPOSITION 4.4. Let A>0 and (un)nen be a minimizing sequence of problem T
with G such that Ay and Ay hold true. Then dichotomy does not occur for (un)nen-

Proof. Let us introduce ¢! and €2 in C* such that 0<¢!,¢2 <1 and

1if 2| <1

¢Hx)= (1) =1-61(2), [IVEY | oo IVE2[| e <2.
0if 2| >2

For all r>0, let £(-)=¢"(5) and &2(-) =£2(%). We will show that dichotomy does
not occur by contradicting the fact that for all 0<w <\, we have I\ <Z,+Z)_»
proved in Proposition 4.3. Indeed, let (u,)nen be a minimizing sequence of problem
7Ty and assume that dichotomy holds. Then, using the construction of [29], there
exist

o D<A,
e a sequence (Y, )nen of points in RV,

e two increasing sequences of positive real number (rq ,,)nen and (r2.,)nen such
that

T2
T gy——>+00 and —2"—r;, ——+00,
7 n—+oo 2 7 n—+4oo

such that the sequences w1, =&} (- —yn)up and ug, =E&2, (-—yn)uy satisfy for all
p€[2,sn] the following properties

Up =U1,n, ON B(yn,ﬁ,n), Up =U2,n, ON Bc(ynarln):RN\B(ynvrln)

Jaw [uan|*dz ™ Jaw w1 n)?de P A—m,

l[ttn = (w1, + vzl o m& HunHLp(B(yn,TM)\B(yn,n,n)) mov

dist(Supp(u1,n),Supp(uz,,)) —— +0o0.

n—-+oo
We obviously have

E(un) :5(m,n)+5(U2,n)+*/RN (=) uy |~ %D(G(Iunl),G(lun\))dw

/ (= A)E g 2 d— D(G (1 n]),C 115

RN ))) .
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Now we show the existence of € >0 such that for sufficiently large radius 71, and ry,
we have

2
%~/]RN <|(_A);Un|2_;|(_A)§U1,n|2> dxr>—ne. (4.6)

First of all, it is rather easy to show that by construction , we have

2
L. <|(—A)5un|2—z |<—A>%ui,n2) o

2
Z —
=1

|£72"1 n (‘T _yn) - 671"1 n (y_yn)|2|un(x)|2
: : dxdy.
RN xRN

|.’E—y|N+2S

Indeed, the estimate above is justified using the definition (2.3) combined with the
following basic fact for i1=1,2

‘ui,n(x) _ui,n(y) ’= |€iln (T —yn)un(z) _giiyn (Y= Yn)un(y)]
<16 )€ = 9)P? (i (@) + i (0)]?)

b2 (16 ey PHIEL )P i (@)~ s ()]

In order to show (4.6), it suffices to show that there exists e >0 such that for large
radius ry, and rs ,, we have

/ |£7Z“,,,(x_yn)_ ii,n(y_yn)‘2|un(x)|2
RN xRN

|z —y [NV 2

2

drdy<ne, i=1,2.

For that purpose, we consider the case i=1 (the case i =2 follows similarly) and we
split the sum in two parts as follows

/ |£%1,n(x_yn)_ glyn(y_yn)|2|un(x)|2
RN xRN

|$7y‘N+25

dxdy

|§%Ln (T —yn) _fil,n (y—y7l)\2|un(:c)|2
= dxdy
le—y|<r1n

o=yl

1 (g s — )P, ()2
+/ |£m,n( Yn) €r1,n,(y Yn)|* un ()] dady =Ti+ T
Iw_y|>rl,n

o=y ¥

Now, we write
_ |un(x)|2
T < 2/ ————s—dxd
= l[z—y|<rin ‘x_y|N+2872 o

1
Sr_z/ Un (T de/ 7d$§777“_28/ up (z)|?dx.
1,n ]RN| n )| e <rn |x‘N+2572 1,n RN| n( |
Moreover,

& (@ =yn) =&y —yn) Plun (@)
BST;Z/ ‘ rl,n( n) rlm,](v+s n)| | 'n,( )| d:]jdy
S le—yl>ran |z =yl

1
Snrfs/ |u (a?)|2dx/ 7dy§777‘75/ |u (;E)|2d$.
L RN " |z—y|>r1n |x7y|N+s L RN "
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Eventually summing up 7; and 73 and use the same argument in order to handle the
‘Eiz n (f—yn)—fgz n (y_yn)‘z‘un(m)F

term [pn  pn — FETheez dxdy, one ends with
2
/. <|<—A>2un|2—2< INEE )dx> 77(2?"_23 )/Nm(xn?dz.
R = R

The estimate (4.6) follows for ry, and ry, large enough. Next, observe that

|un = 1,0 —U2n| S3L(B(y, a0 \Blynyrin) WhEre Lip(y, vy )\B(yn,r,,)) denotes the
characteristic function of B(yn,72,n)\ B(Yn,71,n). Now, we have

ID(G(Junl), G(Jun])) =D(G(Jon]), G(lval)) = D(G(Jwnl]), G(Jwnl]))]

< G(|un|)G(Junl) | | |G(Jva])G(|vn])
= - —JNn5 | T — N
B(yn,2r)\ B (yn,2r) |z —yl |z —y|

[ SlDS DY g,

|z —y|N-F

N-§ oy Nu=1-p Nu—1)-8
||u||L2(B(UnyT2 n)\B(Un 1 n) ||uHH§ +||UHLZ B(U7z7"‘2 n)\B(Unﬂ'l n))H ||H§ l

l’4+2_77 “27:2
0 lullzz sy, B 1l o 0.

Here, we used the estimates (3.10-3.12). Thus, for r;, and ro, large enough, we
have

_%(D(G(|un‘>7G(|un|))_ID(G(|U7LD7G(|U7L|))_D(G(lwn‘) G(lwnl))) = —ne. (4.7)
Summing up (4.6) and (4.7), we end up for large 71 ,, and 72, with
E(un) —E(u1n) —E(ugpn) > —ne. (4.8)

Since we have [, |u1n|*de ——— 7 and [on [u1 n|*de ——— A —, there exist two
n—-+oo n—-+o0o

positive real sequences (f41,5)nen and (fi2,n)nen such that g, —1|, |2, —1| <€ and

/ |,ul,nu1,n|2dx:7ra / |:U'2,nu2,n|2dx:)‘77r7
RN RN

so that

Irr § g(ﬂl,nul,n) S g(ul,n) + %a

ne
I)\—ﬂ' S 5(#2,nu2,n) § S(“Z,n) + }?
Thus, with (4.8), we have the continuity of the mapping A— Zy for all A>0 and we

have

Iﬂ— +I)\,7T —3’)’]€§(€(U1,n)+5(u;n) 776<5(’U,n) —)I)\

n—-+oo

In summary, we proved that for all 0 <7 < A, we have Z, +Z)_, <Z, contradicting the
strict sub—additivity inequality proved above. Then, the dichotomy does not occur. O
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Now, we finish the proof of Theorem 2.2. Since vanishing and dichotomy do not
occur for any minimizing sequence (uy,)nen for the problem 7, then the compactness
certainly occurs. Following the concentration-compactness principle [29], we know
that every minimizing sequence (un)nen of Zy satisfies (up to extraction if necessary)

lim lim sup/ |, ()2 dx = \.
B(y,r)

T~>+oon~)+ooyeRN

That is, for all € >0, there exist r. >0 and n. € N* and {y,} CR" such that for all
r>re and n>n., we have

/ [, ()| de =\ —e.
B(yn,r)

Now, let w, =up(x+y,), we have obviously that |wy||y. =]un|y. is bounded in
H*(RY), therefore (wy,)nen (up to extraction if necessary) converges weakly to w
in H5(RY). In particular (wy)nen converges weakly to w in L2(RY) and |w,|, .=
VA Now, let 7 >, such that lwll2(peco,7.)) < 5- Thus, there exists e € N*, 72 >ne
such that for all n>n., we have ||w, —w||L2(B(0iE)) < 5. Therefore, with the triangle
inequality, we have

[wllz2 = llunllp2 —[lwn _wHLz(B(O,FG)) = [lwn — w||L2(Bc(0,f€))v
2B ~ IWllLa(peory) 2 VA€ —e

> ||Un||L2(B(yn,f€)) —[lwn —w

Passing to the limit we get ||w||,> >V/A. Since the L? norm is lower semi continuous,
we obtain that [Jwl|;> <lminf, ;e |[wsll;2 =V, Eventually, we get [|wl|,> =V},
therefore the sequence (wy,)nen converges strongly in L2(RY) to w.

Also, we have

<n sup D'y llwn —wl g,

wEH? J|ull o <n

<0 wn —wll 2 1 — 0] 22 ———0.

n—-+oo
In the last line we used (4.5)-kind inequality and again we refer to [19] for a proof. Us-
ing the lower semi-continuity of the —s norm, we have ||wl| ;. <lminf,, | o ||wy ]| .-
Summing up, we get clearly

Iy <&(w) <liminf E(wy) =Ty.

n——+oo

This shows that w is a minimizer of 7y and w, T in H*(RY). Theorem 2.1 is
n—-+oo

now proved.
5. Stability of standing waves

In this section, we prove Theorem 2.4 by showing the orbital stability of standing
waves in the sense of Definition 2.3. We argue par contradiction. Assume that O)
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is not stable, then either Oy is empty or there exist w e O, and a sequence op € H®
such that ||¢f —w| 4. 4—+—»0 as n— o0 but
n—-+0oo

inf [|¢™(tn,.) — 2l - 2 ¢, (5.1)
z2€0x

for some sequence t, CR, where ¢™(¢,,.) is the solution of the Cauchy problem .
corresponding to the initial condition ¢g.

Now let w, = ¢ (ty,.), since J(w) =1Ly, it follows from the continuity of the L? norm

and J in H* that ||¢f]| /.- e A and J(wy,) =T (¢f) =I,. With the conservation
n—-+0oo

of mass and energy associated to the dynamics of the system ., we deduce that

ol e = N8l ——— VA and T (wn) =T () —— .

n—-+0o0o

Therefore if (wy)nen has a subsequence converging to an element we€ H®, then
w2 = VX and J(w) =Z.. This shows that w € Oy, but

inf [|¢" (tn,.) = 2l o < llwn —wll g
z€0x

contradicting (5.1).

In summary, to show the orbital stability of Oy, one has to prove that @, is not
empty and that any sequence (wy,)nen C H® such that

[wnll o —— VX and T (w,) —— 1, (5.2)
n—+00 n—+4o00

is relatively compact in H* (up to a translation). From now on, we consider a sequence
(wn ) nen satisfying (5.2). Our aim is to prove that it admits a convergent subsequence
to an element we H®.

If (wn)nen= (tn,vn)ney C H?, it is easy to see that (|wy|)ney C H® . Thanks to Ag,
we have that (w,)nen is bounded in H*® and hence by passing to a subsequence, there
exists w=(u,v) € H® such that

uy, converges weakly to w in H®, v, converges weakly to v in H®,

(5.3)
limy, s oo [|Vistinl| 12 + || Vstnl| 2 exists .
Now, a straightforward calculation shows that
1 2 1 2
T (wn) = E(Jwn]) = 5 IVswnllz2 = 5 1Vslwal[[72 2 0. (5:4)
Thus we have Zy=lim, , o0J (w,)> limsup,,_, , o E(Jwy]). However, since

|||wn|||2LQ:||wn||iQ:Anm)\, by the continuity of the mapping A—Z, (see

Proposition 4.3), we obtain

liminfE(\wn|)2limianAn:I,\zfA. (5.5)
n—-+oo

n—-+oo



Y. Cho, M.M. Fall, H. Hajaiej, P.A. Markowich and S. Trabelsi 23

Hence limy,_s o0 J (wy ) =limy,_ o0 E(|wn|) =Zy =Zx. The properties (5.3) and the
inequalities (5.4) and (5.5) imply that

. 2 2 2
i ([ Vunll3 — Vol 22 — V62 +02) 22, =0, (5.6)
which is equivalent to say that

. 2 2
Erfoo|‘vswn|| —TLEI_’I_IOO||VS|wn|HL2~ (5.7)

The convergence |||wy,| ||2L2 = Hwn||iz =\, P A, the inequality (5.5) and Theorem
n—-+0o0o

2.2 imply that |w,| is relatively compact in H® (up to a translation). Therefore,

there exists ¢ € H*® such that (u2 +v2)/2 = ¢ in H® and |j¢|| . = VA with £(p) =1I,.

Let us prove that o= |w| = (u?+v?)'/2. Using (5.3), it follows that u,, o and

n—-+0oo
v, —— v in L*(B(0,R)). Now, using the fact that |(u2 4+v2)"/2 — (u?+v?)Y/?|? <
n—-+oo n n

[ty —u)? 4 v, —v|?, we get (u24v2)'/? —— (u? +0v?)/2 in L?(B(0,R)) which

n—-+oo

leads to the desired result. On the other hand |||w,||;2=||wn|l;- —Jr—%\f:
n—-+0oo

lw]|;2=||w||| 2. Therefore, all what we need is to prove that limn_>oo||sznH2L2 =

|Vsw|2. Thanks to (5.7), we have that 1im, s o0 || Vetwn||72 =1im, 4 oo [|Vs|wn|]|

and lim,, HVS|wn|||2Lz = ||V5|w\||iz Hence by the lower semi-continuity of ||V -

12, we get that ||[Vew||?s <limy o0 |[Velwn|l|2e =|[Vs|wl||3>. Eventually, using

(5.4), it follows that ||V5w\|2Lg > ||Vs|w|||2L2. Since by (5.3), we know that w,, con-

verges weakly to w in H?®, it follows that w, —+>w in H® and the proof is now
n—-—+0o0

completed.
Now, we turn to the characterization of the Orbit O,. We show the following

PROPOSITION 5.1. With the same assumptions of Theorem 2.4, we have
@,\z{ei”w(.—i—y), cER, yeRN},

and w is a minimizer of Problem Ty .

Proof. Let z=(u,v) € Oy and set p=(u?+v?)'/2. By the previous section, we
know that E(p)=1I,, thus ¢ satisfies .. with v being a Lagrange multiplier. Fur-
thermore the equality ||V w|2 =] Vs|w|||2 implies that

u(@)o(y) —v(x)u(y) =0. (5.8)

By Proposition 5.2, it is plain that ¢ € C(RY) and V(|z|)xG(|¢|) € C(RY). We can
write (—A)Sap:u<p+V(|x|)*G(|<p|)%x{¢¢o}<p with x4 being the characteristic
function of the set A. Since ¢ is nontrivial and V(|x|)*G(\4p|)%x{@¢o} € L2 (RN),
we conclude that >0 in RY by the Harnack inequality (see Lemma 4.9 in [5]) and
a standard argument of intersecting balls. There is three cases, namely =0, v=0
and the third case corresponds to u#0 and v#0. For simplicity, we investigate

the latter case, the other cases can be treated easily. The equality (5.8) implies that
u(z) _ u(y)
v(x) T v(y) ,
z=(a+i)v=e""w with w=z|.

for all z,y € RY. Thus, there exists o such that u(z) = av(x) and therefore
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Let us now prove (5.8). By the fact that J(z) =2y, we can find a Lagrange multi-

plier a € C such that J'(z2) () :%/ 2€+£% for all £ € H®. Putting & =z, it follows
N

R
immediately that « €R and V:=V (|x —y])

u — U2 U2 1/2 ! X =« u\xr xX)ax
[ avis=[ ) ) VG @)oo [ ule) ).

RN

RN

/ stvsf—/ G(u2+U2)1/2(y)deG'(f(x))dac:a/ v(z) f(z)dz,
RN RN xRN
for all fe H*®. It follows that u and v solve the following system

(=A) u— /G(u2 +0*)2(y)V (|2 —yl)dy G’ (u(z)) +au(z) =0,

(~ay =[G+ )V (la - s])dy G (o(a)) +av(z) =0.

By Proposition 5.2 (see the Appendix), we have that u and v€ C(RY) because (u?+
V)2 e H5(RY). Let Q={zcRY such that wu(z)=0}, obviously € is closed since
u is continuous. Let us prove that it is also open. Suppose that z¢ € Q. Since p(z¢) >0,
we can find a ball B centered in xy such that v(z)#0 for any « € B. Replacing u and
v in (5.6), we certainly have u(z)v(y) —v(z)u(y) =0 for all z,y € B. This proves the
result. O

Appendix. In this appendix, we prove the following

PROPOSITION 5.2. Let s€(0,1),N —2s<B<N,3>0,u,p€ H*(RY), G such that Ay
holds true and v is a real number such that

(—A)’u=vu+[VxG(p)]G'(u). (5.9)

Then, there exists a € (0,1) depending only on N,v, s, such that u € oo (RN). More-

loc

over, if o€ L2 (RN), then ue CX*(RN) if B<1 and ue CL*RN) if B>1 and in

loc loc loc

addition V xG(p) € CO*(RN).

loc

Proof. We start by recalling the Gagliardo-Nirenberg inequality
loll o Senspllolly.  forall pe HY(RY)

for pe[2,sn] if N >2s and for all p€[2,sy) and 2s > N (here we put sy =+00). Also
we recall the Hardy-Littlewood-Sobolev inequality:

[Vxgll av <CnpggllgllLa for every g€ Lf,
L N—aB
for N —¢B8>0.
First of all we focus on the case N >2s. We have

2
IG (@)l e < Kl9* Lo+ sl | o = K ll@l 720 + 51l o

Hence, since p € H®, we infer that G(¢) € L? provided that 1<¢< STN and % <q< STN,

that is 1<g<} and 1<¢< Nf;sl\jkﬁ‘ Now, thanks to the fact that N —-2s<g <N,
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we get 1< < and 1< 5 < ijf\jrﬁ In particular we deduce that G(y) € L? for
all ge [ ,%} Now, for all e>0 we let ge =5 —e>1. Using the Hardy-Littelwood-

Sobolev inequality, we get V*G(p) € L Ca Wh1ch in turns with the fact that 3> N —2s

shows that VxG(p)€L" for all r> 2 5> . Now, using the notation b(z) = ?-;(\Z)I

we reformulate the equation (5.9) as follows

and sign(u)= Tl>

(—AYu(z) = vu(z) + [V G()]b(z) (1+ Jul)),
/ V(12— y)G(p(y))dyb(z) (1+ sign(u)u).

, We can write

Observing that p—2<sy —2=
G (v )II
Lt ful 157
|uf +ul* ‘1”
T4 |ul "7
<k[[VAG (@)l +rI[VG(@ul* .-

IV *G(@)bll . = [V G(p)]

<k[[VxG(yp)]

In order to deduce that the right hand side of this estimate is finite, we use Holder’s
inequality to get

IV > G [l 25 < IV G o, Ml raare,

for all # > 1. Therefore, we can choose r > 2—1\; and 6 > 1 respectively close to % and 1 so
that 1 <r(u—2)0 <sy. Hence, using the Gagliardo-Nirenberg inequality and the fact
that V*G(p )ELT for all r> ﬁ > and u€ H*, we end up with [V+G(p)]beL"

for some r> L. Thus u € cy O‘(RN)

loc

Now, we write the equation (5.9) as follows

(*A)SU( )= c(z)u(z) +d(z):
c(x) =v+[V+G(p)|b(z)sign(u) € L",
d(x) = [V*G( )b(x) € L7,

for some 7 > % From now on [-] will stands for the integer part of -. Using the regu-
larity result of Ref. [39], we conclude that ue C2%(RN) for some a € (0,1) provided

loc

M~>1. If N=1 and s> 3, then it is well-known that H* is embedded in CY(RN)

loc
Wlth a=s—3—[s—3] so that uGClOOCa(RN) Moreover, if N=1 and s=1,

obviously u € LP for every p > 2 and the classical elliptic regularity yields u € Cloog (RV)
for some a € (0,1).

we have

Let us introduce a cutoff function 7 € C2°(RY) such that 7 =1 in the closed ball Bg of
center 0 and radius R>0 and 7 =0 in R \ Byg. To alleviate the notation, we denote
f=G(p) which belongs to Lj7, N LY with 1<¢< 5 N We define Vi (p):=V*(nf) and

Va(p):=V*((1—n)f). Then, using Fourier transform, we get (— A)gvl(ﬁp):f in
the sense of distributions. Now, if geN*, then it is rather easy to show using the

classical regularity theory that VxG(yp)€ C?(RY). Next, if 0< g <1, then we apply
Proposition 2.1.9 of Ref. [38] to show that V;(p) € C%*(RY) for 5<1 and Vi(p) €
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CPLa(RN) for f>1 and some a€(0,1). Now, Vi(y) is smooth on Bpg since it is
gfharmonic in such a ball (see Ref. [4]). Hence, VxG(p) € CLY(RN) for 5<1 and

loc

VxG(p) GCZ[EA’Q(RN) for $>1 and some € (0,1). Let us now turn to the case of
B

g >1 and g ZN. We let 0= g — [5} Using Fourier transform, we have

()W) = () El ((—a)7Vi(e) =n f,

in the sense of distributions. Again, the classical regularity theory implies that
(—=A) Vi () € CPIRYN) and so Vi (p) € CIPH(RYN). Similarly, we have

(—8)31a(p) = (-a) (=) Ea(p)) =1 -m) .

[Niie)

in the sense of distributions. Therefore the function g:= (—A)[ ]V2(<p) is given by

o)l @)= [ U1RI,

gy |z —y|N-o

Also, using the Hardy-Littelwood-Sobolev inequality, it is rather straightforward to
see that g € L for some p > 1. Thus, g belongs to the set {u, IRN H‘\uz(l% dr < +oo}.

Again, since g is c—harmonic in Bg, we deduce that g is smooth on Br by Ref. [4].
The radius R being arbitrary, it follows that V(y) is smooth on RY. In particular,

we have Va(p) € CPI(RY) because [g} is a positive integer. Recalling that we showed

Vi(p) € CPH(RYN), we conclude VxG(p) € CPI(RYN).

Let us now summarize and conclude the proof. We considered the partial differential
equation (5.9) and proved that for some a € (0,1), V+G(p) € C’loo’g(]RN) for <1 and

VxG(p) EC[B]’Q(RN) for #>1. Since G’ is locally Lipschitz, we deduce that ue

loc

CY*(RN) for B<1 and ue CL*(RYN) for f>1 by adapting the proof of Lemma 3.3

loc loc

of Ref. [14] for N >2s. If N=1 and 2s>1, we have that [V «G(¢)]G'(u) € CZ7(RN)

loc

for some ~y € (0,1), thus using Proposition 2.1.8 of Ref. [38], we get ue CL%(RN). O

loc
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