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Abstract
We develop high-fidelity blade resolved CFD for interacting turbine flows by the open source
software OpenFOAM. Multi-turbine configurations are considered, aiming at the study of windturbine flows and their interactions. The preprocessing, coding, turbulence modeling and visualization are discussed and described. An extension of our CFD work to a turbine operating in a
two-phase flow is also included. Snapshots of interacting turbine flows are illustrated and dynamic
motions can be viewed in animation videos. Two turbulence models: RANS k − ǫ and LES were
used.
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Introduction

Wind energy is a major form of renewable energy. It is being actively developed by many nations
in the world. It reduces carbon footprints and the potential harm of anthropogenic warming of the
atmosphere. According to the data reported by The Global Wind Energy Council [1] in 2013, 44.7
Gigawatts of new wind power was added to worldwide capacity in 2012, representing a 19% increase
over the preceding year. In comparison with solar energy, the cost for wind energy per kilowatt is still
lower. The only, main disadvantage of wind energy is due to its intermittency, which is now being
mitigated by the developments of electric-power restoring devices and other smart grid designs.
Wind power research and development (R&D) involve wide-ranging interdisciplinary topics and
pragmatic tasks. In this paper, our main interest will focus primarily on computational fluid dynamics
(CFD) intensive portions of the work involved. These portions constitute key technological issues in
regards to the flow patterns and interactions, effects of airfoil (shape) design of turbine rotor blades,
electro-mechanical power-generating unit, generalization and extension to other similar applications
1

such as ocean currents power generation, etc. They are challenging, fundamental issues of high
technological as well as intellectual interests.
Even though there is already a large amount of literature on wind energy’s R&D, one of the
fundamental problems seem to be under-studied: high-fidelity blade resolved CFD for wind turbine
flow calculations. For example, highly valuable insights regarding wind turbine flows have been derived
by using an “actuator line” method (cf., e.g., Shen et al. [2]). Such a method is widely regarded now
as being “standard”, however it is not what we regard as high-fidelity blade resolved CFD calculation.
There is a fundamental reason commonly understood for why such high-fidelity blade resolved CFD
calculations are avoided: the lack of computational power and resources for such on even the most
advanced supercomputers in the world as the computations are rather large scale. Nevertheless, we
see this approach (of high-fidelity blade resolved CFD) eventually as most natural and inevitable, and
possibly even advantageous especially in view of the rapid increase of computational power in the next
generations of supercomputers.
There are now numerous software available for CFD calculations. The major toolkit we have
adopted here is OpenFOAM ([3]). OpenFOAM is free and open-source software currently used by
thousands of engineers and researchers worldwide. It uses the finite volume method with object
oriented C++ programming and vector-tensor field operations with several key advantageous features;
see a recent introductory article on OpenFOAM by Chen et al. in [4].
Our paper is organized as follows:
(i) Sec. 2 studies the preprocessing of CFD by OpenFOAM, mainly mesh generation and choice of
parameters;
(ii) Sec. 3 describes problem solving and running of the codes, especially regarding the turbulence
modeling aspect and interacting turbine flows,;
(iii) Sec. 4 deals with postprocessing of computed CFD data output, in the form of video animations
and snapshots;
(iv) Sec. 5 shows OpenFOAM calculations of turbine flow calculations operating in a two-phase flow.
(v) Sec. 6 provides brief concluding remarks.

2
2.1

Problem Setup and Mesh Generation
The Mathematical Model

The basic model is the incompressible Navier-Stokes equation:
∂
∂t u

+ u · ∇u − ν∇2 u = − ρ1 ∇p
∇·u=0

in Ω ⊆ R3 , t > 0,

(2.1)

with the non-slip condition
u=0

on ∂Ω ≡ boundary of Ω

(2.2)

on the boundary. This class of fluid dynamics also includes wind turbine flows due to its small Mach
number. However, a prominent feature of wind turbine flow motion is the rotational dynamics of
rotor blades. This effects a moving boundary problem, where, in (2.1)-(2.2), one has Ω = Ω(t), i.e., the
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spatial domain varies with time due to blades’ motion,
u=0

on ∂Ω(t),

where ∂Ω(t) signifies the bounding surface of the rotor blades at time t.
The stress tensor is
I + 2ρνD
D,
σ = −pI
with I =the identity tensor, D = 21 (∇u + ∇u⊤ ), and on the turbine surface ∂Ω(t),
Z
Fwind (t) = force on turbine surface ∂Ω(t) =
σ n̂ dS,
τ wind (t) = torque =

Z

(2.3)

(2.4)

∂Ω(t)

r × σ n̂ dS.

(2.5)

∂Ω(t)

The rotating motion of rotor blades is generated by the torque above, and regulated by powergenerating control mechanisms. For example, a freely rotating blade motion satisfies

where

2.2

IR α = τwind ,

(2.6)



 α = angular acceleration,
τwind = the axial component of τ wind ,


IR = rotor moment of inertia.

(2.7)

Utilization of Dynamic Mesh

The rotational, variable-speed motion of turbine blades’ motion is a major issue, requiring dynamic
mesh. The most powerful method for dynamic mesh is the Overset method (or Chimera [5]). However,
Chimera is subject to the U.S. Government’s export control and is not accessible to non U.S. citizens.
During the past several years, free and open-source computer programs which can incorporate
relative motions of solid boundaries present in fluid dynamics were developed by individuals and
groups. Libraries with the capability of dynamic meshes [6, 7] are available in OpenFOAM:
(i) dynamicRefineFvMesh: This can refine or coarsen mesh on demand.
(ii) dynamicMotionSolverFvMesh: This solves the motion of mesh through diffusivity equations.
(iii) (multi)SolidBodyMotionFvMesh: This can move the mesh or parts of the mesh as a solid body.
(iv) topoChangerFvMesh: This contains mesh modifying models involving topological changes such as
attach, detach, automatic layer addition and removal.
Here, we summarize OpenFOAM’s capability in handling prescribed rigid body boundary motion,
in particular, the rotating motion inside the flow. Fixed motion parameters, such as the center, axis
and angular velocity, are defined in the file named dynamicMeshDict. See Listing 1 for the codes.
The technique of sliding mesh interface is used to deal with rotating structures inside the flow. In
this way, part of the mesh is rotated, but not deformed in any way. Computationally, the matching
3
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dynamicFvMesh
multiSolidBodyMotionFvMesh ;
m o t i o n S o l v e r L i b s ( " l i b f v M o t i o n S o l v e r s . so " );
multiSolidBodyMotionFvMeshCoeffs
{
cylinder1
{
s o l i d B o d y M o t i o n F u n c t i o n r otating Motion ;
rotatingMotionCoeffs
{
origin
(0 0 0);
axis
(0 1 0);
omega
1.58; // rad / s = 15 RPM
}
}
}

Listing 1: <case>/constant/dynamicMeshDict. This file shows the codes for specifying fixed-speed rotation in OpenFOAM computation. The rotating mesh region is called cylinder1 and the type of motion is rotatingMotion. Required
parameters are origin, axis and angular velocity (omega). (Here, omega is chosen as 15 RPM, for example.)

or interpolation between the rotating mesh and the static mesh is done essentially seamlessly. In
OpenFOAM, the current way of implementation of sliding interface is called arbitrary mesh interface
(AMI). It was newly introduced in version 2.1, and works well in parallel computing. A comparable
implementation in foam-extend [8] is called general grid interpolation (GGI) [9]. Figure 1 shows an
example of mesh with sliding interfaces (used by us in OpenFOAM execution). However, the rotating
motion (by direct application of OpenFOAM) is prescribed with a fixed angular velocity instead of
being driven by wind force in run time, and thus, inappropriate for wind-driven motion.
OpenFOAM also contains a library for coupling force and torque with motion of structures inside
the flow 1 . A field named pointDisplacement in OpenFOAM is created and reserved for solving and
recording movement of each mesh point. The solid boundary structure is regarded as a patch (a piece
of boundary in the mesh). This type of patch is designated to be a force-driven object. Displacement
on the patch is updated first as a result of the specified motion. Internal field of pointDisplacement is
subsequently solved, usually by a potential (Laplace) equation. The equation takes the displacement
of the structure as its boundary condition. The mesh is modified/updated according to the solved
pointDisplacement field. (This serve as a concrete example of how dynamicMotionSolverFvMesh works.)
There are also provisions for applied restraints, such as a spring attached to the objects, and/or other
constraints such as a fixed axis of rotation. However, the potential equation-based pointDisplacement
solver can only handle small mesh displacements. It won’t be long before the mesh deteriorates if we
use it for continuing rotation and numerical errors begin to grow.
As the above existing OpenFOAM provisions cannot readily serve our purposes, we need to write
and develop our own codes. The coding of OpenFOAM is based on the principle of object oriented
programming, and have numerous modules selectable as building blocks. Our adaptation and refinement can be relatively easily integrated into the C++ class hierarchy of OpenFOAM, general enough
to meet our current objectives and possible future extension, while not overly complex.
Since our main concern is rotational motion, we choose sliding interface for dynamic mesh. However, we replace the mesh type solidBodyMotionFvMesh, which can only handle prescribed solid body
motion, by a force-coupled one, named by us as forceDrivenMotionFvMesh. Motion functions (types of
motion) that can access force and torque data at each time step are also implemented under the C++
based class forceDrivenMotionFunction. (See the flow chart in Figure 2, where the shaded blocks are
1 See

tutorial case tutorials/multiphase/interDyMFoam/ras/floatingObject
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Figure 1: Mesh layout for a case of two wind generators. The thin disk surrounding the turbine blades contain the
rotating part of the mesh. The surfaces of the disks form a sliding interface to the stationary part of the mesh.

new codes for rotating-motion sliding surface dynamic mesh.) For example, FDRotatingMotion is the
force driven version of the original rotatingMotion in OpenFOAM. The codes in Figure 2 can now
be used to model freely, variable angular speed rotating wind turbines. Please compare the codes in
Listing 2 with its predecessor Listing 1. Also note that forceDrivenMotionFvMesh has the flexibility to
combine the case of force driven motion with that of prescribed motion into a single, unified case.
A remark is in order here: the motion of a body not only depends on the current state of force
and torque, but also its current velocity and angular velocity. Their data need to be saved for future
reference when computation is continued. To this end, we set up a file to keep track of such data,
called motionState, that describes whatever state of motion we need. See Listing 3 as an example.
In principle, the mesh of any force driven motion of a solid body can be implemented as a C++
subclass of forceDrivenMotionFunction. However, “code stream” feature provides a way to quickly
specify and test a motion response. For example, codedFDRotatingMotion (within Listing 4) enables
user to directly write C++ code to specify how states of motion should be updated. Listing 4 shows
a typical case. States of motion are updated exactly the same as FDRotatingMotion, which models a
freely rotating structure driven by the flow, except that the code also increments a counter defined
therein along the way. Any control mechanism actions can be incorporated, too. The numerical
integration of the rotational equation of motion IR α = τwind , α = ω̇ (cf. (2.6)-(2.7)), can be carried
out, e.g., in the following way known as the leap frog scheme
1
1
(2.8)
ω n = ω n− 2 + ∆tn−1 αn−1 ,
2
θn = θn + ∆tn ω n ,
(2.9)
τ
wind
,
(2.10)
αn =
IR
5

dynamicFvMesh

forceDrivenMotionFvMesh
type of motion

0..*

Motion Function

<<interface>>
solidBodyMotionFunction
<<interface>>
forceDrivenMotionFunction

FDRotatingMotion

codedFDRotatingMotion

rotatingMotion

oscillatingRotatingMotion

Figure 2: C++ class diagram for the implementation of force driven rotation. The shaded blocks represent newly
added features. Here forceDrivenMotionFvMesh is a force/torque-couplable type of mesh. The mesh can move according
to various “motion functions”, either force driven or prescribed.
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dynamicFvMesh
forceDrivenMotionFvMesh ;
m o t i o n S o l v e r L i b s ( " l i b f v M o t i o n S o l v e r s . so "
" l i b f o r c e D r i v e n M o t i o n . so " );
forceDrivenMotionFvMeshCoeffs
{
cylinder1
{
solidBodyMotionFunction FDRotatingMotion ;
FDRotatingMotionCoeffs
{
origin
(0 0 0);
axis
(0 1 0);
m om en tO f In er ti a 1 e6 ;
}
forces
{
type forces ;
patches ( c y l i n d e r 1 T u r b i n e );
rhoName rhoInf ;
rhoInf 1.205;
}
}
}

Listing 2: <case>/constant/dynamicMeshDict. This file shows the codes for specifying wind driven free rotation for
OpenFOAM computation, using our newly adapted codes. Instead of the angular velocity, we specify the moment of
inertia and the name of the driven surface, in this case cylinder1Turbine.
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1
2
3
4
5
6

cylinder1
{
angle
a ng ul a rV el oc i ty
angularAcceleration
}

0;
0;
0;

Listing 3: <case>/0/uniform/motionState. This file saves data of dynamical motion, such as the angular displacement,
velocity and acceleration, in order to keep proper track of the state of motion of a wind driven body.

1
1
(2.11)
ω n+ 2 = ω n + ∆tn αn ,
2
where in addition to α and ω specified above, θ is the angular position, and ∆t is the step size of time
marching. The upperscript is the index of time steps (including half steps for ω).

2.3

Mesh Generation and Case Setup

In the previous subsections, considerable space has been devoted to address the critical needs and
coding of dynamic mesh generation in order to develop the capability for handling the variable angular
speed of rotational motion to incorporate the wind driving force. Now we are ready to carry out the
preprocessing of OpenFOAM computation.
Here, we use (standard) OpenFOAM tools, blockMesh, snappyHexMesh and mergeMeshes, to perform
mesh generation. These tools are fairly user-friendly. For an experienced user or PhD student, it
takes only several days to generate meshes for a domain with certain sophisticated geometry.
The turbine blades are composed of NREL airfoils numbered S816, S817 and S818 [10]. The radius
of the turbine (R) is 50 m. See Figure 3. A mesh layout is shown in Figure 1. Also see Figure 4
for a cross section of mesh. There are approximately 0.65 million cells in the mesh to be used in the
computational examples mentioned below. This is not yet a satisfactorily fine resolution, as we are
constrained by our supercomputing resources, but we will be able to refine mesh to any degree of
desired resolution in the future when more supercomputing resources become available.
We consider two linearly aligned, coaxial wind turbines. They can rotate in the same direction,
called by us the iso-rotating case, or in the opposite direction, e.g., one is counterclockwise while the
other is clockwise. We call the latter the contra-rotating case. The distance (D) between the turbines
are either 300 m (D/R = 6) or 200 m (D/R = 4). The wind speed at the inlet is chosen as 10.5 m/s,
13 m/s or 15.5 m/s. See Figure 5.
Differences in mesh may affect computational aerodynamic properties of turbines. In order to
conduct meaningful comparison, mesh around the blades, or the rotating cylinder in particular, is
not independently generated but exactly identical for the iso-rotating case. The rotating cylinder is
generated once and merged into the stationary part of the mesh at both the front and rear turbines
positions. Corresponding patches at cylinder surfaces are then matched to form a pair of sliding
interfaces. It is also beneficial in terms of time, since refinement near the blades is very time consuming.
For the contra-rotating case, the mesh on the rear turbine blades are exactly the mirror image of that
of the front turbine.

3

OpenFOAM CFD Coding and Turbulence Modeling

Computer codes for the Navier-Stokes equation (2.1)-(2.1) itself are already available in OpenFOAM.
Here, we describe the PISO (pressure-implicit splitting of operators) algorithm [11] in Listing 5 for
illustrative purposes.
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18
19

dynamicFvMesh
forceDrivenMotionFvMesh ;
m o t i o n S o l v e r L i b s ( " l i b f v M o t i o n S o l v e r s . so "
" l i b f o r c e D r i v e n M o t i o n . so " );
forceDrivenMotionFvMeshCoeffs
{
cylinder1
{
solidBodyMotionFunction codedFDRotatingMotion ;
codedFDRotatingMotionCoeffs
{
redirectType withCounter ;
origin
(0 0 0);
axis
(0 1 0);
m om en tO f In er ti a 1 e6 ;
code
#{
// get time step length
scalar deltaT = time_ . deltaTValue ();
scalar deltaT0 = time_ . deltaT0Value ();

20

// update states of motion ( leap - frog )
omega_ += 0.5 * deltaT0 * alpha_ ;
theta_ += deltaT * omega_ ;
alpha_ = ( moment & axis_ ) / m o m e n t O f I n e rt i a _ ;
omega_ += 0.5 * deltaT * alpha_ ;

21
22
23
24
25
26

// increment the counter
scalar counter ;
motionState_ - > lookup ( " counter " ) >> counter ;
counter += 1;
motionState_ - > set ( " counter " , counter );

27
28
29
30
31

#}
}
forces
{
type forces ;
patches ( c y l i n d e r 1 T u r b i n e );
rhoName rhoInf ;
rhoInf 1.205;
}

32
33
34
35
36
37
38
39
40

}

41
42

}

Listing 4: <case>/constant/dynamicMeshDict. This file shows the ability to directly code the equations of motion
(2.8)-(2.11) in C++ into an OpenFOAM case. Inserted C++ code (lines 17 to 31) updates states of motion as free
rotation. In addition, a counter is incremented every time step to show the ability to couple custom variables as new
states of motion.

8

(a)

(b)
Figure 3: (a) Shape of wind turbine and tower. The blades are composed of NREL airfoils numbered S816, S817 and
S818 [10]. (b) Close-up look of the actual computational mesh near the hub of the wind turbine.

9

Figure 4: Cross section of mesh. Regions of different resolution levels can be seen.

Figure 5: Configuration of flow domain. The dimensions are 280 × 280 × 680 m. The direction of wind is aligned with
the 680 m dimension. The front turbine is situated 80 m away from the domain inlet.
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1
2

// define field vector fluid velocity u and f , face flux phi ,
// pressure p , and dynamical viscosity nu

3
4
5
6
7

volV ectorFi eld u , f ;
volS calarFi eld p ;
s u r f a c e S c a l a r F i e l d phi ;
scalarField nu ;

8
9

// construct the fluid velocity equation

10
11
12
13
14

fvVe ctorMat rix UEqn
(
fvm :: ddt ( u ) + fvm :: div ( phi , u ) - fvm :: laplacian ( nu , u ) - f
);

15
16

// solve the momentum equation using explicit pressure

17
18
19
20
21

solve
(
UEqn == - fvc :: grad ( p )
);

22
23

// predict the intermediate fluid velocity to calculate face flux

24
25
26
27

volV ectorFi eld rUA (1.0 / UEqn . A ());
u = rUA * UEqn . H ();
phi = fvc :: interpolate ( u ) & mesh . Sf ();

28
29
30

// construct the pressure equation using the constraint from
// continuity equation

31
32
33
34
35
36

fvSc alarMat rix pEqn
(
fvm :: laplacian ( rUA , p ) == fvc :: div ( phi )
);
pEqn . solve ();

37
38
39

// correct the fluid velocity by the post - solve pressure and update
// face flux

40
41
42

u = u - rUA * fvc :: grad ( p );
phi = phi - pEqn . flux ();

Listing 5: The OpenFOAM code to solve the Navier-Stokes equation of incompressible fluid [3, 4]. It implements the
PISO algorithm [11].

1

simu lationT ype

LESModel ;

Listing 6: <case>/constant/turbulenceProperties. This file directs OpenFOAM to choose from Laminar (no turbulence modeling), LESModel and RASModel.

Turbulence modeling can be further added to the solver above. OpenFOAM readily provides
solvers, such as pimpleFoam, with run-time selectable turbulence modeling, which makes testing different models easier than ever. See listing 6, 7 and 8 for specification of turbulence models. In addition
to run-time selection of turbulence models, users also need to provide initial conditions for whatever
fields required by the chosen turbulence model, like k, ǫ and νt .
We have run OpenFOAM CFD case with our sliding interface dynamic mesh forceDrivenMotionFvMesh
described above together with RANS and LES turbulence modeling. The Turbines are assumed to be
freely rotating subject to wind force only, without any actions from the power generating unit. The
11

1
2
3
4
5
6
7

LESModel
oneEqEddy ;
delta
cubeRootVol ;
printCoeffs
on ;
cubeRootVolCoeffs
{
deltaCoeff
1;
}

Listing 7: <case>/constant/LESProperties. This file provides further information for using the one equation eddy
LES turbulence model.

1
2
3

RASModel
turbulence
printCoeffs

kEpsilon ;
on ;
on ;

Listing 8: <case>/constant/RASProperties. This file provide further information for using the k − ǫ RANS turbulence
model.

case is computed with the standard solver pimpleDyMFoam in OpenFOAM, which implements a PISO
pressure correction algorithm as well as a SIMPLE iteration.
Regarding the choice of constants in equation (2.1)-(2.2), here we use kinematic viscosity ν =
1.4833 × 10−5 m2 /s, density ρ = 1.205 kg/m3 . The Reynolds number is (approximately) 5 × 106 . Regarding the initial values of variables related to turbulence modeling, uniform fields of k = 0.06 m2 /s2 ,
ǫ = 0.0495 m2 /s3 , νt = 0 m2 /s, νSGS = 0.0545 m2 /s, and ν̃ = 0.05 m2 /s are used.

4

Numerical Results and Visualization of Wind Turbine Flows
and Interactions

We now illustrate numerical results. It aims at demonstrating our capability to compute interacting
wind turbine flows. All the calculations were performed on the Texas A&M University Supercomputing Facility’s Eos, an IBM iDataPlex Cluster 64-bit Linux with Intel Nehalem processors. Each
computation took several days of wall time.
For postprocessing of our OpenFOAM computation, we produce graphical output [12] using an free
and open-source, multi-platform data analysis and visualization application named ParaView [13, 14].
Snapshots of iso- and contra-rotating wind turbine flows are shown in Figure 6 and 7, respectively.
Furthermore, in order to visualize dynamic motions of wind turbine flows, we have made two animation
videos based on the RANS k − ǫ turbulence model.
Example 4.1 (Iso-rotating case). Here we consider two wind turbines co-axially place with a separation distance of 300 m, with wind impinging from left with velocity at 10.5 m/s. See a snapshot at
t = 72 s in Figure 6. The dynamic motion can be viewed in the following link:
https://www.dropbox.com/s/7r3ifa90e6pjg58/iso.mp4

(4.1)

Example 4.2 (Contra-rotating case). The two turbines are aligned in the same way as in Example
4.1, but the rear turbine blades are mirror images of the front turbine as the rear one can do contrarotation. Under otherwise the same conditions as in Example 4.1, see snapshot at t = 72 s in Figure
12

Figure 6: A snapshot of the flow of iso-rotating case of two co-axially placed wind turbines at t = 72 s, where the
separating distance is 300 m, and the wind is impinging from the left with velocity 10.5 m/s. See also the dynamic
video animation by clicking or pasting (4.1).

7. The dynamic motion can be viewed in the following link:
https://www.dropbox.com/s/7r3ifa90e6pjg58/iso.mp4

(4.2)

The flow streamlines before and after the wake of the front turbine reach the rear one is shown in
Figure 8 for RANS turbulence model (k − ǫ) and Figure 9 for LES turbulence model (one equation
eddy). When the two turbulence models are compared, an apparent difference is that LES model
generates smoother streamlines for the vortices, while streamlines obtained from RANS may show
zigzags.
Remark 4.1. By comparing the flow patterns of iso-rotating and contra-rotating cases in Figure 8(c)
and 8(d) (respectively Figure 9(c) and 9(d)), one sees that the flow goes straight-through the rear
turbine in the contra-rotating case, in contrast to the iso-rotating case where a vortex is generated
after the rear turbine.
Typical transient curves for angular velocity are shown in Figure 10. Comparison of thrust (axial
force), omega (angular velocity), and kinetic energy ( 12 IR ω 2 ) after they are almost steady is shown
in Table 1. Contra-rotating rear turbine has slightly faster rotation than that of the iso-rotating rear
one.

13

(a) 10.5 m/s wind speed

turbine
thrust (kN)
normalized thrust
omega (deg/s)
normalized omega
normalized kinetic energy

iso-rotating rear
90.6
1.000
56.46
1.000
1.000

contra-rotating rear
93.3
1.030
57.44
1.017
1.035

front
127.3
1.405
67.82
1.201
1.443

(b) 13 m/s wind speed

turbine
thrust (kN)
normalized thrust
omega (deg/s)
normalized omega
normalized kinetic energy

iso-rotating rear
141.4
1.000
70.72
1.000
1.000

contra-rotating rear
143.1
1.012
71.98
1.018
1.036

front
197.7
1.398
84.86
1.200
1.440

(c) 15.5 m/s wind speed

turbine
thrust (kN)
normalized thrust
omega (deg/s)
normalized omega
normalized kinetic energy

iso-rotating rear
195.9
1.000
81.59
1.000
1.000

contra-rotating rear
197.1
1.006
82.82
1.015
1.030

front
274.1
1.399
98.33
1.205
1.452

Table 1: Comparison of thrust (axial force), omega (angular velocity), and kinetic energy ( 12 IR ω 2 ) after they are
almost steady. (300 m spacing)
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Figure 7: A snapshot of the flow of contra-rotating case under the same conditions as those in Figure 6. See also the
dynamic video animation by clicking or pasting (4.2).

Example 4.3. Our calculations can be immediately adapted to compute a multi-turbine (wind farm)
configuration. Here we consider a four-turbine layout, see Figure 11. The wind-driven dynamic motion
can be viewed in the following link:
https://www.dropbox.com/s/4c1lccrgyb7pnyo/new.mp4
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(4.3)

(a) RANS contra-rotating case, t = 20 s

(b) RANS iso-rotating case, t = 20 s
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(c) RANS contra-rotating case, t = 80 s

(d) RANS iso-rotating case, t = 80 s
Figure 8: OpenFOAM computational results by RANS turbulence model (k − ǫ). (200 m spacing and 10.5 m/s wind
speed). (a) (b) wake of the front turbine have not reached the rear one. (c) (d) wake of the front turbine have already
reached the rear one.
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(a) LES contra-rotating case, t = 20 s

(b) LES iso-rotating case, t = 20 s
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(c) LES contra-rotating case, t = 80 s

(d) LES iso-rotating case, t = 80 s
Figure 9: OpenFOAM computational results by LES turbulence model (one equation eddy). (200 m spacing and 10.5
m/s wind speed). (a) (b) wake of the front turbine have not reached the rear one. (c) (d) wake of the front turbine
have already reached the rear one.
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Figure 10: Transient curves for omega (ω, angular velocity). (200/300 m spacing and 10.5 m/s wind speed.) The
speed of front and rear turbines ramps up in the same way before the wake reaches the rear ones, forming a drop in
their speed. Contra-rotating rear turbine has slightly faster rotation than iso-rotating rear one.
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Figure 11: A four-turbine layout for Example 4.3. The center coordinates are displayed next to each turbine. The
rotational direction of the upper-right turbine is different from the other three. See the dynamic video animation by
clicking or pasting (4.3).
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control types
pitch (and yaw)

advantages
established technique,
costwise effective

disadvantages
limited efficiency

status
deployed, more being
tested

boundary layer control
by
blowing/suction
(active vortex generators or pulsed jets,
etc.)

established technique,
high order efficiency,
load reduction

extra cost

tested in lab conditions, not yet deployed

control
surfaces
(ailerons, edge flaps,
delta wings, etc.)

established
techniques, high order
efficiency, operational
flexibility

extra cost and weight

some are tested in lab
conditions; more are
being evaluated

Miscellanea (plasma
actuators,
acoustic
excitation, deformable
or nastic materials,
...)

potential high order
efficiency

many still in experimental stage, extra
complexity

not immediately ready
for deployment or implementation

Table 2: Major control schemes for blade motion.
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Turbine Flow Control

The CFD schemes for wind turbines developed so far will have many applications to wind energy. In
this section, we study an important case of wind turbine flow control, and its CFD verifications based
upon our OpenFOAM code development.
Regarding wind turbine flow control, several advanced wind turbine concepts have undergone
various stages of preliminary implementation and deployment, lab testing or computer simulation.
We summarize their mechanisms and status in Table 2.
We want to analyze some of such control systems, synthesize their optimal controllers, and then
design dynamic mesh which can verify the mathematical analysis and provide a means for testing
optimality.
For example, dynamic mesh for variable pitch angle can be achieved either through overset, nonconforming, or conforming technique described in Subsections 2.2, each with its inherent advantages
and potential drawbacks. In the context of OpenFOAM, the idea is to apply the two dynamic methods available in OpenFOAM, namely sliding interface and mesh deformation solvers, to the mesh
surrounding a single blade.
Mathematically, any rigourous analysis by distributed control theory (see, e.g. the work by Lions
[15]) would be rather challenging, the reason being that solutions of the incompressible Navier-Stokes
equation in the Hopf class C([0, T ]; H) ∩ L2 (0, T ; V) are well known to be non-unique, where

V = v ∈ [H01 (Ω)]3 ∇ · v = 0 ,
(5.1)
H = closure of V in [L2 (Ω)]3 .

(5.2)

We now formulate a control-theoretic model base on the boundary-layer blowing/suction scheme.
Here, in order to avoid the complexity of having to deal with a moving boundary problem cited in
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(2.1) earlier, we adopt a rotating frame as follows:
u = w + ω × r,

r = (x1 , x2 , x3 ).

(5.3)

Then equations (2.1) and (2.2) become
1
∂
w + w · ∇w + ω̇ × r + 2 ω × w − ν∇2 w = − ∇p + ∇
∂t
ρ



|ω|2 (x22 + x23 )
2



,

∇ · w = 0,

(5.4)
(5.5)

where ω, the angular velocity of the rotor blades, is assumed given. The boundary ∂Ω (i.e., the
turbine blades’ surface) is now fixed, where
˙ 1,
∂Ω = Γ0 ∪Γ
w(v, t)|Γ1 = g(p(r, t))u(r, t), t > 0
w(v, t)|Γ0 = −ω(t) × r,
g = a given function depending on p (from pressure gauge sensory data, e.g.),
u = controller.

(5.6)

The choice of a performance index J is important. Presently, there do not appear to be any
universally agreed or accepted J in the literature. We suggest J to be


Z
Z T Z
 j1 (w, p) dr + j2 (w, p, u) dσ  dt,
J=
(5.7)
0

Γ1

G

where G ⊆ R3 \Ω is given, which could include (or be generalized to contain) variants such as
J =α

Z

T

|τ (t)|2 dt −
0

Z

T
0

Z

e
Ω


CD |w(r, t)|2 + S(r, t) drdt,

(5.8)

where τ (t) is given by (2.5), α > 0, CD > 0 is the drag coefficient, S is certain thermodynamic
entropy term (defined through −∇p/ρ = T ∇S − ∇h, T = temperature, h = specific local enthalpy),
such that “torque is to be maximized; drag and entropy (wasteful energy) are to be minimized.” A
fundamental form of the wind turbine control can thus be formulated as a maximization problem:
supu J, subject to (5.4), (5.5) and (5.6).

(5.9)

b . A necessary condition
Assume that the sup in Problem (5.9) is attainable by an optimal control u
b can be obtained by introducing adjoint states P1 (r, t), P2 (r, t), and q(r, t) as Lagrange
characterizing u
multipliers and applying the Pontryagin Maximum Principle type of argument. We state a preliminary
form of a theorem below.
Theorem 5.1 (Coupled Primal-Dual System for Optimal State and Control). Assume that ρ in (2.1)
is a positive constant, ω(t) in (5.3) is a given smooth function and the boundary condition (2.2) is
replaced (5.6). Let the performance index be given by (5.7). Assume that there is an admissible control
b maximizing (5.9). Introduce the Lagrange multipliers P1 (r, t), P2 (r, t) on R3+ \Ω × (0, T ) and q(r, t)
u
on ∂Ω × (0, T ) respectively, for (5.4), (5.5) and (5.6). Then, necessarily, the following system of
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coupled equations and optimality conditins hold:
 ∂
b
b
b µ 2b
b

∂t w + w · ∇w − ρ ∇ w + 2ω × w + ω̇ × r





1

+
∇p̂
−
∇
− gz +


ρ


3

h
i
X ∂ wb

3

j
∂
∂


bj P1,i )
 − ∂t P1 +
∂xi P1,i − ∂xj (w

i=1

2
ω2
2 (y


+ z 2 ) = 0,

j=1

(5.10)



b p̂) − ∇Pb2 = 0,
− µρ ∇2 P1 − 2ω × P1 + χG ∇w j1 (w,




b = 0,
∇·w



∂

b p̂),
∇
·
P

1 = ρχG ∂p j1 (w,




χ
≡
characteristic
function of G,

 G 3
on R+ \Ω × (0, T );

subject to


b t)|Γ0 = −ω(t) × r, w(r,
b t)|Γ1 = g(p̂(r, t))b
w(r,
u(r, t),



3

b
w(r,
0)
=
w
(r),
P
(r,
T
)
=
0
on
R
\Ω;
0
1

+

 ∇ j (w,
b ) + q + µρ P1 + P2 n = 0,
w 2 b p̂, u
∂
′
b
b
b


∂p j2 (w, p̂, u) − g (p̂)q · u = 0,



b
b

 ∇u j2 (w, p̂, u) − g(p̂)q = 0,
on Γ1 × (0, T );

0 < t < T;
(5.11)

Proof. The Calculations are based on the standard argument of calculus of variations. We define
L=J+

ZT Z 

1
∂
v + v · ∇v + ω̇ × r + 2ω × v − ν∇2 v + ∇p − ∇
∂t
ρ



|ω|2 (x22 + x23 )
2



, P1 (r, t)



0 Ω



+ (∇ · v)P2 (r, t) drdt +

ZT Z

hv − g(p)v, qi dσdt,

0 Γ1

(5.12)
where h·, ·i denote the inner product in R3 . Then the first order condition for optimality is
b p̂, u
b ) · (δv, δp, δu)
0 = δL = J ′ (w,
T


Z Z 
∂
1
b +w
b · ∇δv + 2ω × δv − ν∇2 (δv) + ∇(δp), P1 + (∇ · δv)P2 drdt
+
δv + δv · ∇w
∂t
ρ
0 Ω

+

ZT Z

hδv − g ′ (p̂)δpw − g(p̂)δv, qi dσdt,

0 Γ1

(5.13)
b p̂, u
b ) is assumed to be the triple of optimal state (w,
b p̂) and control u
b . We now perform
where (w,
integration by parts. Most of the terms can be handled without much difficulty, so have we only focus
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our attention on the two terms related to convection and treat them as follows:
ZT Z
0

Ω

b +w
b · ∇δv] · P1 drdt
[δv · ∇w




ZT Z X
3
3
3
X
X
∂
ŵ
∂
j


=
ŵj P1i  δvi drdt.
P1j −
∂x
∂x
i
i
i=1 j=1
j=1

(5.14)

0 Ω

The above corresponds to the terms in the summation in (5.10)2 .
The rest of the derivations are omitted.
Remark 5.1. We have yet to verify that the Lagrange Multiplier Condition is satisfied. Therefore,
the proof so far is not yet complete and requires more rigor. In addition, we also note a new paper
coauthored by Morris [16] studying the optimization of blowing or suction in a nozzle for aeroacoustic
noise reduction, using the adjoint (i.e., Lagrange multiplier) method.
The system (5.10) (5.11), whith initial and berminal conditions

can be simply denoted as

b 0) = w0 (r),
w(r,

and

b P1 ) = 0,
P(w,
b P1 , P2 , q) = 0,
B(w,

on R3+ \Ω,

(5.15)

for the PDE system (5.10),

(5.16)

P1 (r, T ) = 0

for the boundary conditions in (5.11).

(5.17)

We note that, as far as the time variable t is concerned, (5.15) (5.16) (5.17) constitutes a two-point
boundary value problem. We propose to use an iteration scheme based on the shooting method solve
this coupled-primal-dual system, as follows:
(1)

(0)

b 0 (r) = w0 (r), P1 = 0 on R3+ \Ω.
Step 1. Initialize by choosing w
Step 2. Solve (by using OpenFOAM)

(0)

subject to
(0)

(1)

(0)

b (1) , P1 ) = 0 by setting P1 ≡ 0
P(w
(0)

(0)

b (1) , P1 , P2 , q(0) ) = 0 by setting P1 ≡ 0, P2 ≡ 0, q ≡ 0.
B(w
(1)

Step 3. Solve (P1 , P2 , q(1) ) from the following linear system
(1)

b (1) , P1 ) = 0 subject to
P(w
(n)

(n)

(1)

b (n+1) from
Step 4. Iterate: once (P1 , P2 , q(n) ) is solved, solve w
(n)

subject to

(n+1)

(r) = w0 (r) on R3+ \Ω.

b (n+1) , P1 ) = 0
P(w

b0
with initial condition w
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(1)

b (1) , P1 , P2 , q(1) ) = 0.
B(w
(n)

(n)

b (n+1) , P1 , P2 , q(n) ) = 0,
B(w

(n+1)

b (n+1) is solved, solve (P1
Step 5. Iterate: once w
(n+1)

b (n+1) , P1
P(w

) = 0 subject to

(n+1)

with terminal conition P1

(r, T ) = 0.

(n+1)

, P2

, q(n+1) ) from
(n+1)

b (n+1) , P1
B(w

(n+1)

, P2

, q(n+1) ) = 0,

Step 6. End, when convergence is achieved.
It is not totally clear at this point what the best time marching forward and backward discretization
scheme (explicit, implicit, semi-implicit, etc.) would be in order to compute correct numerical solutions
for the coupled prime-dual control system for rotating turbines. This requires some profound nonlinear
analysis by the collaborating mathematicians and nonlinear analysts Drs. Hajaiej, Khalfet, Karoui,
and Chen by using calculus of variations.

6

A Turbine Operating in a Two-Phase Flow

Our preceding code development and calculations can be immediately extended and generalized to
other similar applications such as ocean tidal or current power generation. In the following, we include
a hypothetical situation where a turbine operates in a two-phase flow.
The case setting is as following. A turbine with radius of 50 meters is operating with its center
30 meters under water level at a constant angular velocity ω = 1 rad/s (∼ 9.5 rpm). The velocity
of the background current is 4 m/s aligned with the turbine axis. For the parameters of water
and air phases, we choose ρwater = 998.2 kg/m3 , νwater = 1 × 10−6 m2 /s, and ρair = 1 kg/m3 ,
νair = 1.48 × 10−5 m2 /s. RANS k − ǫ turbulence model is used with uniform field k = 0.06 m2 /s2 ,
ǫ = 0.0495 m2 /s3 and νt = 5 × 10−7 m2 /s as initial conditions.
The case is computed with the standard solver interDyMFoam in OpenFOAM, which implements
the PISO/SIMPLE algorithm to solve the momentum equation, and volume of fluid (VOF) method
with interface compression to track the fluid-fluid interface.
A snapshot of water-air interface is in Figure 12. Although the mesh is not in high resolution, one
can clearly see the waves, ripples, and bubbles. A video animation is also available at the following:
• https://www.dropbox.com/s/gtn32mfzfi6da8h/submerged.avi.

7

Concluding Remarks

Video animations and snapshots offered in this paper provide useful insights for flow patters near the
blade boundary layer and farfield, which will eventually help engineering the best designs for wind
turbines. The calculations are quite time consuming – each run would take several days on the Texas
A&M supercomputer, even for a rather rudimentary set of mesh consisting of 0.6 million cells. Our
hope is to eventually run our codes with about 30 - 50 million cells.
We have only considered the case where each wind turbine is free-rotating. However, powergenerating mechanisms and operating power-curves need to be carefully taken into account. These
will be studied in the sequel, Part II.
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Figure 12: Snapshot of a wind turbine operating partially under water. On the left, the surface shown is the 0.4isosurface of water volume fraction, viewed from above water level. On the right, the surface shown is the 0.6-isosurface
of water volume fraction, viewed from below water level. The color indicates the elevation of the surface relative to
original water level.
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